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ABSTRACT
DEFINING THE FREE ENERGY LANDSCAPE FOR
PROTEIN INDUCED CELL MEMBRANE CURVATURE
Richard W. Tourdot
Ravi Radhakrishnan
KEYWORDS: curvature inducing proteins, curvature sensing proteins,
cell membranes, triangulated surfaces, membrane morphology, Monte
Carlo simulations, computational free energy methods, membrane tubu-
lation, endocytosis, cell membrane protrusions.
Using methods from computational statistical mechanics, this thesis
aims to elucidate the free energy landscape for protein mediated curva-
ture induction in cell membranes. In particular, a mesoscale model of
the cell membrane is utilized in this thesis to probe the thermodynam-
ics of several membrane morphological dependent phenomena including
membrane tubulation, the formation of endocytic buds, and protein re-
cruitment on cell protrusions. This model allows for the quantification
of membrane proteins curvature sensing behavior due to thermal fluctu-
ations, and is able to predict morphologies which form due to membrane
iv
proteins cooperative effects. Analysis of the free energy landscape for
generation of tubular membrane structures finds correspondence with
the thermodynamics of micelle formation in amphiphilic systems. Fur-
thermore, this research is able to quantify differential protein recruit-
ment on protrusive membrane morphologies and inform cell network
models of the interplay between membrane tension and curvature in-
ducing protein signaling.
v
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Chapter 1
Cell Membranes and Protein
Induced Curvature: An
Introduction
Biological membranes constitute boundaries in cells and play a role in
nearly all cell processes. The external border of the cell is defined by its
plasma membrane, while most cell organelles are encapsulated for spe-
cialized function by corresponding organelle membranes. By surround-
ing and enclosing organelles, membranes are able to regulate different
cellular micro-environments between compartments. Beyond acting as
barriers, membranes play a crucial role in the trafficking of intra- and
inter-cellular cargo, allowing for the uptake of nutrients and pathogens
through the processes of endocytosis and exocytosis. A cell’s plasma
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membrane also contains a wide variety of receptors and ligands which
bind to extracellular signals and allow a cell to sense its surroundings.
Biological membranes are known to sustain a wide variety of shapes
in vivo ranging from simple spheres to complex structures with intricate
morphologies such as the membranes of the endoplasmic reticulum and
the Golgi apparatus. In order to form these highly curved membrane
shapes, active remodeling of the cell’s membrane is required. Two bi-
ological processes which remodel the membrane are the processes of
cell motility and endocytosis. In cell motility, highly curved cellular
protrusions of the plasma membrane, called filopodia or lamellipodia,
expand outward into the extracellular space; while in endocytosis, a
highly curved inward pointing membrane bud forms and engulfs cargo
which is then transported into the cell. The ability of biological mem-
branes to accommodate large morphological changes is a consequence
of their deformation energy being comparable to thermal fluctuations
(∼ kBT ).
Cell membranes are formed through the hydrophobic driven assem-
bly of lipid molecules. Lipids are amphiphilic molecules that contain a
hydrophilic head and a hydrophobic tail. In aqueous solutions at physi-
ological conditions lipids form bilayer membranes spontaneously. Since
the lipids which make up the bilayer are not bonded to each other, they
2
can diffuse laterally along the membrane surface and the bilayer system
is typically thought of as a viscous two-dimensional fluid [6]. While this
fluid mosaic model is widely referenced in the literature, emerging re-
search paints a more patchy picture of cell membrane composition with
membrane protein complexes, lipid rafts, and varying bilayer thickness
all creating spatial inhomogeneities [7, 8]. Mammalian cell membranes
are primarily composed of phospholipids (phosphatidylcholine, phos-
phatidylethanolamine) and cholesterol, though they also can contain
a large number of embedded proteins, ranging in concentration from
18-76% [9,10].
Membrane curvature is known to be generated through a variety
of mechanisms. Differences in lipid composition between leaflets of
the bilayer generates curvature due to each lipid head group desiring
a specific area [11]. The cell’s cytoskeleton can shape the membrane
through its membrane adjacent polymerization during the formation
of filopodia. Additionally, certain membrane proteins such as Epsin,
Amphiphysin, and Endophillin have been found to induce curvature
in the cell membrane [12]. Recent research has elucidated the roles of
these curvature inducing membrane proteins in wide variety of contexts
ranging from intracellular trafficking and cell signaling to their role as
active remodeling agents forming and regulating cell protrusions.
3
1.1 Mechanisms of Membrane Protein Curvature
Induction
Proteins hypothesized to bend the plasma membrane in vivo have
been investigated in model liposomal systems. These systems allow
for isolated analysis of the mechanisms of curvature generation for
each protein in combination with specific lipid bilayer composition.
In these experiments, liposomes are introduced into aqueous solutions
containing concentrations of proteins. The Epsin N-terminal homol-
ogy (ENTH) domain has been shown to tubulate liposomes composed
of 10% Phosphatidylinositol-4,5-biphosphate (PIP2) [4]. The ENTH
domain of Epsin is located at the N-terminal end of the multi domain
protein and contains a 12 residue α-helix. The N-terminal α-helix (often
referred to as helix-0) consists of hydrophobic amino acids and is known
to coordinate with the lipid PIP2. Experiments which replace the hy-
drophobic residues in helix0 with alanine yield protein mutants that
are unable to generate highly curved membrane morphologies [13]. It
is thought that helix-0 is embedded into one leaflet of the bilayer when
Epsin binds the membrane; this causes an area asymmetry between
leaflets which generates local membrane curvature [14]. Besides Epsin,
both Arf1 and Sar1 can anchor themselves to the bilayer by exposing
α-helices upon conversion of GDP to GTP and may sense or generate
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curvature [13].
The proteins Amphiphysin and Endophilin are also known to tubu-
late liposomes in vitro [15–17]. Both of these proteins contain a N-
terminal BinAmphiphysinRvs (BAR) domain and a C-terminal src homology-
3 (SH3) domain. Amphiphysin deletion mutants which lack the BAR
domain cannot effectively tubulate liposomes. Crystal structures of
BAR domains have detailed its banana-like shape; the concave face of
this crescent shape domain has a corresponding diameter of curvature
of 220 Å (R = 11 nm) [16]. The concave surface of the BAR domain is
composed of positively charged residues which produce a strong electro-
static interaction with negatively charged lipid head-groups. The elec-
trostatic interaction between the membrane and the membrane facing
surface of the BAR domain is thought to generate local curvature in the
bilayer by a mechanism deemed protein scaffolding [18]. The scaffold-
ing mechanism requires that the bending rigidity of the protein domain
is stronger than that of the bilayer. There are several protein domains
which have structural similarities to the BAR domain and have been
implicated in curvature generation; this has lead to a subdivision in
their classification and the definition of the NBAR, FBAR, and IBAR
protein domains. Amphiphysin and Endophilin include the NBAR do-
main which consists of both the canonical crescent shaped BAR domain
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and several membrane facing hydrophobic α-helices similar to helix-0 in
Epsin [12]. The combination of the α-helices insertion into the bilayer
and the electrostatic scaffolding of the crescent shape leads to stronger
curvature generation and the stabilization of tubules with a smaller di-
ameter. The structure of the FBAR domain, and its relative the FCHo2
domain, has a shallower crescent shape than other BAR domains and
a diameter of curvature of 110 nm (R = 55 nm) [2, 19]. The inverted
BAR (IBAR) domain and the protein Exo70 were found to form inward
facing tubules in liposomal systems and localize to sites of invadopodia
(outward protrusions) on the plasma membrane in vivo [20,21]. These
protein domains have positively charged residues on their convex face
and are thought to stabilize negative curvature in cells (outward protru-
sions). A subset of IBAR-containing proteins include α-helices similar
to NBAR. These proteins insert helix-0 into the bilayer and are found
to form inward pointing tubules of larger diameter in vitro [22]. This
behavior may be due to the alpha helix generating positive curvature
which competes against the negative curvature generated from the con-
vex shape of IBAR.
While many proteins have been found to induce curvature in cells,
the mechanisms for curvature generation by these proteins can be broadly
classified into two classes, the hydrophobic insertion mechanism, and
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(a) (b)
FBAR
IBAR
BAR ENTH
Helix-0
Figure 1.1: Mechanisms of curvature induction by proteins. (a) BAR domains
induce curvature by scaffolding the membrane through electrostatic interactions with
negatively charged lipids. IBAR domains induce negative curvature. (b) The Epsin
ENTH domain induces curvature by inserting an amphipathic helix (helix-0) into
one leaflet of the bilayer. Protein crystal structures obtained from the Protein Data
Bank. [1–4]
the electrostatic scaffolding mechanism [18]. An outline of these mech-
anisms is shown in Fig.1.1. The strength of curvature induction by
membrane proteins varies widely but can be related to specific molec-
ular interactions of the membrane facing protein domain and the lipid
bilayer.
1.2 Membrane Tubule Formation
As mentioned previously, membrane tubules have been stabilized in
vitro by ENTH domains [4], BAR domains [12, 20, 23], dynamin [24],
Shiga toxin [25], and other proteins such as Exo70 [21]. These tubulated
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liposomes are visualized with electron microscopy and the diameter of
each tubule can be determined. Full length Epsin proteins form tubules
of 19 nm diameter, while ENTH domains form tubules with an average
diameter of 15 nm [4]. Amphiphysins form tubules with an average di-
ameter of 46 nm [4,16], Endophillins form tubules ranging from 20-100
nm in diameter [15], and NBAR domains form tubules ranging from
35-50 nm in diameter [26]. These tubule diameters can be converted
to mean curvature estimates. The ENTH domain forms the smallest
tubules with a mean curvature ∼ 0.06 nm−1. Proteins which contain
BAR domains produce larger tubules which have mean curvatures of
∼ 0.025 nm−1. While these estimates of curvature give an idea of the
deformation force on the membrane and can help rank the curvature
potential of each protein, these experiments are done in ideal liposome
systems and the actual curvature force of each protein will vary in vivo.
An alternate method to quantify the curvature inducing nature of a pro-
tein is by estimating the deformation energy of the tubular structures it
stabilizes. An estimate for the deformation energies can be obtained by
measuring the protein-membrane binding energy in isothermal titration
assays. The enthalpy of binding of the ENTH domain with Ins(1,4,5)P3
(PIP2 headgroup) was determined by isothermal titration calorimetry
to be−14 kBT [4]. This can be considered an upper limit on the amount
of energy Epsin can apply to the bilayer to induce local curvature.
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The Peripheral Endoplasmic Reticulon in vivo has a large population
of tubular structures. These ER tubules are stabilized by DP1/Yop1p
(Deleted in polyposis), a protein known to induce curvature [27]. DP1
is hypothesized to form a wedge shape in the membrane by inserting
hydrophobic helices into the ER membrane [28–30]. ER tubules have di-
ameters ranging from 30-50 nm [31], while DP1/Yop1p induced tubules
in liposomes have a diameter ∼15-17 nm. DP1 is relatively immobile on
ER tubules and is hypothesized to form an oligomerized network [32].
These and other studies of membrane tubules formed from the coop-
erative action of curvature inducing proteins point to a specific sponta-
neous curvature energy requirement for the generation of highly curved
membrane structures. Here, it is useful to define a sign of curva-
ture, since experiments in cells and liposomes have quantify inverse
morphologies (see Fig. 1.2). In liposomal systems curvature inducing
proteins are introduced into the bulk solution, while in cells they are
present in the cytoplasm. Positive curvature inducing proteins will
induce ”outward” liposomal tubules, while these same proteins are in-
volved in the generation of ”inward” curvature in cells (endocytosis).
The opposite is true for IBAR and Exo70 which produce ”inward”
tubules in liposomes and localize to sites ”outward” curvature in vivo.
Besides providing biological context for the action of each protein, the
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characteristics of membrane deformation are otherwise identical.
Negative Curvature
Positive Curvature
Cytosol/Solution
Extracellular/Inside of Liposome
IBAR, Exo70
Cell Protrusions 
Inward Liposome Tubules
ENTH, BAR, FBAR
Endocytosis 
Liposome Tubules
Figure 1.2: Sign of mean curvature both in vivo and in vitro. Cellular and lipo-
somal systems are inverted; positive curvature inducing proteins produce ”outward”
liposome tubules, negative curvature inducing proteins produce invaginations and
”inward” tubules in vitro.
1.3 Clathrin Mediated Endocytosis
Proteins which induced curvature were initially discovered through the
study of Clathrin-mediated endocytosis (CME). Endocytosis is the ini-
tial step in the shuttling events of vesicles between the plasma mem-
brane and endosomal compartments. Endocytic processes are typified
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by the deformation of the cell’s membrane into a budding vesicle mor-
phology. Clathrin-mediated endocytosis (CME) is a subset of endo-
cytosis and it constitutes a large portion of endocytic events in vivo
depending on cell type. CME is a fundamental process in cargo trans-
port, receptor recycling, and viral entry [33]. CME budding vesicles
imaged with electron microscopy have been found to have an approxi-
mate diameter of 50 nm and vesicle necks with a diameter of 20 nm or
less. Experimental studies have reported the nucleation and growth of
a clathrin coat in which initiation occurred randomly, but only within
subdomains 400 nm in diameter surrounded by a rim of a 200 nm dead
zone devoid of cytoskeletal elements [34,35]
The process of CME consists of several steps as illustrated in Fig. 1.3.
In the first step of CME, extracellular cargo binds a cell surface receptor
and relocates to the FCHo complex, which may induce curvature [36].
After initiation, a protein coat which includes the proteins Epsin, AP2,
Amphyphysins, and Clathrin assembles on the cytosolic side of the bi-
layer and begins to form a budding vesicle [34,35,37,38]. The clathrin
coat forms a lattice pattern on the membrane due to the triskelion
structure of the protein Clathrin [39, 40]. In the final step of CME,
Amphiphysin recruits dynamin which polymerizes in a helical shape
around the neck of the budding vesicle and pinches off the vesicle into
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the cytosol [41,42]. The process of endocytosis takes approximately one
minute, though fast CME processes have been discovered in synapses
(∼10 s). It is thought that the deformation of the membrane by the
clathrin coat is the rate limiting step of CME, with the GTP hydrolysis
of dynamin being relatively quick [43–45]. The development of curva-
ture is thought to be mediated by a combination of Epsin, Amphiphysin
and the Clathrin coat itself [46, 47].
Extracellular
Cytosol(a)
(b)
(c)
(d)
Rab5+Auxillin
+Hsc70
Endosomal Sorting 
and Membrane 
Fusion/Penetration 
Reaction
Amphiphysin 
+Endophillin
AP-2 Epsin
Dynamin
Clathrin
FCHo 
complex
Figure 1.3: Illustration of the steps involved in Clathrin Mediated Endocytosis. (a)
Cargo or nanoparticle binds to membrane receptor and is trafficked to the FCHo com-
plex where curvature induction is initiated. (b) Clathrin coat assembles at the FCHo
complex and further curvature is induced. (c) Endocytic bud forms, Amphiphysin
and Dynamin constrict vesicle neck. (d) Vesicle is pinched off from plasma membrane
and coat begins to disassemble.
In CME, the curvature of the budded vesicle is primarily generated
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by Epsin and Amphiphysin. Since Clathrin is not curvature active
in vitro, it is thought that the Clathrin lattice patterns curvature in-
ducing proteins like Amphiphysin and Epsin on the membrane during
endocytosis. Indeed, CME-like structures are observed when solely
Amphiphysin and Clathrin are present on liposomes [17]. Knockdown
of Amphiphysin in mouse models causes defects in synapses during
neuronal CME which results in harmful phenotypes in mice including
increased seizures and mortality [48]. Defects in CME can be linked
with oncogenesis due to its internalization role in receptor trafficking
and maintenance of cell-cell junctions [49].
1.4 Tension and Membrane Bending by Proteins
Several BAR-containing proteins also contain SH3 domains. SH3 do-
mains are known to bind regulators of actin and may play an active
role in spatial recruitment of actin to the membrane-cytosolic interface,
thus altering local membrane elasticity [50, 51]. It has been shown in
liposomal systems in the case of the protein FBP17, which contains an
FBAR domain, that membrane tension counteracts the proteins mem-
brane bending activity. Membrane deformation is also dependent on
the bending stiffness of the membrane, since increases in the concen-
tration of cholesterol in the liposome bilayers has been shown to at-
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tenuate FBP17-induced membrane tubulation. Corresponding in vivo
experiments which actuate membrane tension by changing the medium
between a hypertonic and hypotonic solution found that PM tension
alters actin polymerization signaling and corresponded to more invagi-
nation structures seen at low tensions [52]. Hence these studies found
FBAR-containing proteins are local activators of actin polymerization
whose spatial recruitment on the cell membrane depends on membrane
tension. Previous studies have found that membrane tension maintains
cell polarity and modulates actin assembly in the cells leading edge
during cell migration [53,54]. These findings point to curvature induc-
ing proteins as being tension sensors which initiate membrane adjacent
actin assemblies in cell migration.
The role of membrane tension in CME has been elucidated by study-
ing actin polymerization near endocytic pits in polarized cells. Polar-
ized cells have distinct faces with a characteristic actin microstructure
and membrane morphology at each pole. In the case of endothelial cells,
the basolateral surface is relatively flat when compared to highly protru-
sive morphology of the apical surface (microvilli). Experiments which
depolymerize the actin cytoskeleton in several endothelial cell lines find
inhibition of clathrin mediated endocytosis on the apical side, causing
these CME events to be deemed actin-mediated endocytosis [55, 56]
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Recent experimental research has focused on characterizing the role of
actin in CME. Electron micrographs of CME pits on the apical side of
endothelial cells show that endocytosis stalls (CME pits have long life-
times) when actin is knocked-down due to the inability of the endocytic
pit to constrict and form a vesicle neck [57]. Further, endocytosis stalls
at sites which are thought to be under tension, such as the surface of
osmotically swelled cells. These findings indicate that CME requires
actin at membrane surfaces which are under tension. It is not clear
exactly how actin interacts with the budding vesicle, but it is thought
to modulate membrane surface tension, and decrease the energy barrier
for deforming the membrane [58].
Intracellular cytoskeletal elements which interact with the plasma
membrane include dense highly branched actin networks at the cell’s
leading edge, cortical actin/spectrin complexes along the membranes
surface, and long unbranched actin filaments found in filopodia [59].
Studies indicate that the cells cytoskeleton plays a role in regulating
inhomogeneous membrane tension in vivo, with membrane blebs form-
ing where cytoskeleton elements are absent [60]. While a large family of
GTPase proteins are known regulate cytoskeleton rearrangement near
the plasma membrane, the role of curvature inducing proteins in this
process has only recently been investigated. Studies indicate that cur-
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vature inducing proteins can act as tension sensors which may direct
cytoskeleton signaling and polymerization near the plasma membrane.
1.5 Membrane Protrusions in 3D cultured cells
in vivo cells are held in place through both their adhesion to the ex-
tracellular matrix (ECM) and from cell-cell junctions. Beyond solely
supporting cells, studies have discovered that both ECM composition
and geometry play an active role in dictating cell behavior [61, 62].
Conventional cell biology methods study cells plated in monolayers on
2D substrates. These systems fail to recapitulate several behaviors of
cells in vivo which include maintaining epithelial cell polarity [62–64]
and allowing for cell differentiation [65–67]. This has led to the develop-
ment of a variety of natural and synthetic 3D scaffolds which mimic the
ECM [68, 69]. Studies which culture cells in 3D scaffolds find greater
correspondence with in vivo cell morphology and phenotype [64,70]. It
has also been discovered that disruption in the expression of cell adhe-
sion molecules (integrins) in 3D cultured cells cause them to revert to
2D-like phenotypes [71, 72].
Recent research in the Valerie Weaver lab has compared cell survival
in mammary epithelial cells grown in 3D hydrogels to cells plated on 2D
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substrates (to be published). Cells grown in 3D exhibited greater apop-
totic resistance; upon small molecule inhibition of Rac, a constituent
in a well known cell survival pathway, apoptotic rates similar to 2D
plated cells were observed. Interestingly, a cofactor of Rac, Arf6, can
be deactivated by a family of GTPases which contain the BAR and
Exo70 curvature inducing domains [73]. Visualization of the plasma
membrane of 3D cells allowed quantification of large protrusions with
higher residence times of protrusions seen in 2D cells. Protrusions of 3D
cells also appeared less dense in comparison to the protrusions present
in 2D cells. Additionally, fluorescently tagged proteins containing the
Exo70 domain were enriched on the plasma membrane of 3D cells when
compared to a 2D control. It is hypothesized that cells cultured in 3D
have lower membrane tension than those in 2D, and that this difference
in plasma membrane tension may alter cell survival signaling pathways
through the differential recruitment of curvature inducing proteins.
1.6 Modeling of protein induced membrane curva-
ture
The molecular interaction of a curvature inducing protein with a bi-
layer membrane has been extensively studied using all atom and coarse
17
grained simulations for various classes of curvature remodeling proteins.
These computational and theoretical studies can be broadly classified
into those that focus on the properties of the curvature field at the
molecular scale [21,74–76] and those at focus on their membrane remod-
eling effects at the mesoscale [77–81]. At the continuum scale, elasticity
based models have been used to study membrane remodeling by treat-
ing the individual proteins as inclusions which modulate the curvature
of the membrane surface [82–90]. These models, both theoretic and
computational, have provided insight into the energetics of membrane
deformation by proteins. Several analytical models have described a
boundary which separates planar and tubular membrane morphologies
which derives from a curvature instability; this boundary depends on
membrane elasticity moduli and the specific parameters which describe
spontaneous curvature generation [91–93]. Alternatively, at the molec-
ular scale, large Molecular simulations have decorated membranes with
oligomerized networks of ENTH [76], N-BAR [75], and Exo70 [21] do-
mains and have shown that in the presence of these proteins tubular
and vesicular morphologies are stable. A similar approach has been
used to investigate the effect of protein aggregation, cooperative inter-
actions, and membrane elasticity [94, 95] on the formation of highly
curved membrane morphologies.
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1.7 Outline
Advances in the computational modeling of biological systems over the
last several decades has allowed unprecedented insight into the mecha-
nisms for curvature generation in membranes. Mesoscale computational
models of membranes are uniquely positioned to investigate large scale
morphological changes due to the cooperative action of these proteins.
With the exception of [95] computational studies thus far have analyzed
the energetics of membrane deformation by proteins, or categorized sta-
ble morphologies, and do not explicitly calculate the systems free energy
landscape. In thermally driven ”soft” systems such as membranes both
the entropy of membrane fluctuations and the conformational entropy
of the proteins are important. While the energetics of membrane bend-
ing from proteins has been analyzed in a variety of contexts, the role of
fluctuations in driving membrane morphological changes is still elusive.
The research presented in this thesis investigates the protein driven
morphogenesis of cell membranes through the novel use of a mesoscale
membrane model coupled with several computational free energy meth-
ods. This thesis is organized as follows. Chapter 2 introduces mem-
brane elasticity theory and a mesoscale model for the cell membrane
with specific emphasis on modeling spontaneous curvature induction
by proteins. Chapter 3 outlines several computational statistical me-
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chanics methods for calculating free energies and applies them to the
mesoscale membrane system. Chapter 4 defines the free energy land-
scape of membrane deformation by curvature inducing proteins. Chap-
ter 5 investigates the cooperative behavior of these proteins in forming
membrane tubules. Chapter 6 analyses the free energy for curvature
induction in the process of endocytosis and the similar inverse process
of protrusion formation in cells. Finally, Chapter 7 summarizes this
work and outlines potential directions for future work.
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Chapter 2
A Mesoscale Model of the Cell
Membrane
Lipids self assemble into bilayers due to their possession of a hydrophilic
head and a hydrophobic tail. In an aqueous solution these hydropho-
bic interactions are minimized in the bilayer state and are one of the
main forces which hold cell membranes together. Any perturbation of
the bilayer shape produces a dual response to both resist bending and
maintain a certain area compressibility per lipid. It is of great interest
to understand the energetics of the membrane conformational space on
length scales much larger than that of a single lipid or the thickness of
the bilayer ∼ 5nm. Membrane energetics at the length scales of tens to
hundreds of nm can be described through a phenomenological model
which approximates the membrane as an infinitely thin elastic sheet.
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This treatment of the cell membrane disregards molecular detail of in-
teractions between lipids and membrane bound proteins, and instead
treats their interaction potential as some bulk average in a continuum.
These types of models are well suited to probe membrane conforma-
tional states at the mesoscale, which can range from as small as 10 nm
to the size of whole cells.
2.1 Membrane Elasticity Theory
For biological membranes whose thickness is negligible when compared
to its lateral dimensions, the thermodynamic behavior of the membrane
is well captured by the elastic energy functional known as the Canham-
Helfrich Hamiltonian [96,97],
H =
∫
S
(κ
2
(2H −H0)2 + κ̄K + σbare
)
dA, (2.1)
where, the material properties include κ, the bending rigidity, κ̄, the
saddle splay modulus, and σbare, the bare surface tension. The bending
rigidity of membranes has been measured in experiment to be in the
range 10-100 kBT for a large variety of lipid bilayer compositions [98,
99]. Few experimental measurements for the saddle splay modulus exist
though it was recently estimated in simulation to be approximately
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−κ [100]. Some arguments point to the 2D fluid nature of lipids in the
fluid mosaic model for membranes and suggest that the intrinsic surface
tension of the membrane, σbare, is near zero [101]; however, both in
vitro experiments which apply membrane tension through aspiration of
liposomes and in vivo measurements detail a range of values for tension.
In Eq. (2.1), the geometric properties of the surface are given by the
gauge invariant scalars H and K, the mean and Gaussian curvature,
respectively. H0 represents a spontaneous curvature that captures the
curvature inducing interactions between the protein and membrane.
The integral in Eq. (2.1) is performed over the surface area of the
membrane with dA being the curvilinear area. The mean and Gaussian
curvatures are derived as,
H =
C1 + C2
2
=
1
2
(
1
R1
+
1
R2
)
(2.2)
and
K = C1C2 =
(
1
R1R2
)
(2.3)
respectively, where C1 and C2 are the principle curvatures of the surface
and R1 and R2 are their corresponding radii. It can be seen that the
mean curvature term in Eq. (2.1) is always positive while the Gaussian
curvature term can be negative if the principle curvatures C1 and C2
have opposite signs, as in the case of a saddle shaped surface.
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The sum of the Gaussian curvature over the entire surface can be
shown to be a constant which depends solely on the topology of the
surface. This is a result of the Gauss-Bonnet theorem which states,
∫
S
KdA = 2πχ (2.4)
where χ is the Euler characteristic of the surface. In the case of a sphere
χ = 2 and the gaussian term in Eq. (2.1) contributes 4πκ̄ to the energy,
while in the case of a torus χ = 0 and the integral of Gaussian curvature
over its surface equals 0. This theorem dictates that when comparing
the energy of two conformational states of a homogeneous membrane,
the contribution from the Gaussian curvature term will be zero as long
as the topology (i.e. Euler characteristic) of the surface remains the
same. In the context of endocytosis, the topology of the membrane
changes when the vesicle is pinched off and released into the cytosol;
in this case the contribution from the Gaussian curvature could not be
discarded. However, up until the release of the vesicle the topology of
the surface would remain the same. Results presented in this thesis
only investigate deformations of a membrane surface within a constant
topology and don’t consider changes in topology — it is for this reason
that the Gaussian curvature term in Eq. (2.1) can be disregarded in
the following studies.
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2.2 Dynamical Triangulation Monte Carlo Model
We make the system amenable to numerical simulations by discretiz-
ing the continuous membrane into a triangulated surface consisting of
N vertices, T triangles, and L links. In the model, which is adapted
from [102], the vector ~X corresponds to vertex positions and the map
T corresponds to the triangulation. If membrane proteins are included
in the model (i.e. nP > 0) they are defined at vertices of the tri-
angulated sheet and the map φ represents the subset of vertices with
proteins present. Self avoidance of the membrane is imposed by re-
stricting the link length, l, to be in the range a0 ≤ l ≤
√
3a0. This con-
straint is effectively a self avoidance potential on all links, VSA, which
provides a hard sphere repulsion at the lower bound, and a finitely
extensible tether potential at the upper bound: as such there is no
smooth potential function governing the length of the links between
these bounds [103].
√
3a0 is chosen as the max link length since this
prevents membrane interpenetration, which is described in more detail
in Appendix A. The characteristic length scale in the model, a0, can
vary based on the problem being investigated. For many studies in this
thesis a0 = 10 nm. One requirement is that this length scale be much
smaller than the persistence length of the membrane. The partition
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function of the triangulated membrane system is,
Z(N, κ) =
1
N !
∑
T
N∏
v=1
∫
exp
{
−β
[
Hsur
(
{ ~X}, {T }, {φ}
)
+ VSA
]}
d~x,
(2.5)
where N and κ are held constant. The Helfrich Hamiltonian from
Eq. (2.1) is discretized and calculated for each vertex as,
Hsur =
N∑
v=1
{κ
2
(C1,v + C2,v −H0,v)2 + σbare
}
Av, (2.6)
where the principle curvatures C1,v and C2,v are calculated at the lo-
cal tangent plane of vertex v. The area of a vertex v is calculated as
Av =
∑t
j=1
1
3Aj, where the index j runs over all neighboring triangles,
t, each with area Aj. Details of the curvature calculation in the local
frame for a given triangulation can be found in [102]. Briefly, it involves
the transformation of the shape operator at vertex v to the local tan-
gent plane (Darboux frame) and the determination of the two principal
curvatures through computation of its eigenvalues.
The membrane is evolved through conformational phase space using
Metropolis Monte Carlo techniques. In Monte Carlo (MC) a initial
state of the system, η, is randomly perturbed using a Monte Carlo
move to a new state, η′, and the difference in energy is recorded. In
the case of the membrane model this difference in energy is calculated
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from Eq. (2.6) as ∆Hsur = Hsur(η′)−Hsur(η). This random MC move
is then accepted or rejected based on a certain criteria. If the MC
move was accepted the new state η′ becomes the initial state η. The
membrane model described here uses Metropolis acceptance criteria to
sample phase space. In Metropolis the MC move is always accepted if it
decreases the systems energy (i.e. ∆Hsur < 0) and accepted according
to a Boltzmann distribution if it increases the systems energy. This
criteria is represented in functional form as,
Pacc(η → η′) = min {1, exp [−β∆Hsur(η → η′)]} . (2.7)
In practice Pacc(η → η′) is compared to a random number between 0
and 1 for each MC move, and the move is accepted if Pacc is greater than
or equal to this random number. In order to obtain efficient sampling of
conformational phase space, the random MC move should be accepted
approximately 50% of the time. The magnitude of the perturbation
which constitutes the MC move can be tuned to achieve an efficient
acceptance rate. In the case of the membrane model the initial state is
described by its vertex positions, triangulation, and protein positions
as η = ({ ~X}, {T }, {φ}) and the perturbed state, η′, is described by a
random perturbation (MC move) to either { ~X ′}, {T ′}, or {φ′}. These
three Monte Carlo moves correspond to the vertex move, link flip, and
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membrane protein move, which are detailed in Fig. 2.1(b). The random
displacement vector of the vertex move is adaptively chosen to ensure
that its acceptance rate is ∼ 50% while the acceptance rate for link flips
and protein diffusion are dictated by geometry and can vary. For link
flip MC moves, vertices are restricted to have minimum of three and a
maximum of nine neighbors, though these conformations are energeti-
cally unfavorable and rare. A Monte Carlo step (MCS) in simulation is
comprised of N attempts to randomly displace the vertices, L attempts
to flip the links and nP attempts to randomly displace the protein on
the membrane surface. A simulation is then run for 3 to 5 million MCS
to ensure adequate sampling of the equilibrated state.
A planar simulation with periodic boundary conditions is used for
many studies presented in this thesis. Snapshots of this membrane
configuration is shown in Fig. 2.1(a). The planar membrane geometry
can be thought of as a small patch of the plasma membrane of the cell
on the length scale of hundreds of nm. Biological processes such as the
formation of endocytic buds or the formation of membrane protrusions
are known to occur at this length scale. The periodic planar simulation
has the same surface topology as a torus (i.e. a Euler characteristic
of 0) and thus an integral of its Gaussian curvature is zero. Planar
simulations are constructed and initialized in a triangular lattice with
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Figure 2.1: Membrane model is evolved through three Monte Carlo steps. a) Snap-
shots of an initialized membrane patch and its equilibrated state (nP = 0). Membrane
vertices are colored according to their mean curvature, which is reported in units of
(a−10 ) b) Single vertex representations of the three Monte Carlo moves which are used
to evolve the membrane surface.
N = nx · ny vertices and a ring of phantom vertices defined along its
open edges. The lattice consists of equilateral triangles and as such all
links have the same length; this is beneficial since it ensures a Dirac
distribution of link lengths which does not vary with system size. The
phantoms vertices which make up the edges of the plane mirror the
opposite side of the membrane. In the model each vertex has a neighbor
list which is updated when links flip; when an edge vertex is moved,
both its new position and curvature are mapped to its corresponding
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phantom vertex by a flag in its neighbor list. There is no constraint
on the x and y positions of vertices in the simulation box, and the
open edges of the membrane can warp along the xy-plane as shown in
Fig. 2.1(a) (bottom). Link flips are not allowed along the edges and as
such the planar simulations maintain a relatively rectangular shape.
2.3 Constant Projected Area Ensemble
A planar membrane is characterized by the extensive variables entropy
(S), surface area (A), and projected area (AP ). The internal energy of
the membrane with nP proteins is given by,
dU(N, nP , A,AP , S) = dH = µmdN + µPdnP + σdA+ γdAP + TdS.
(2.8)
Here, γ is the tension due to the frame (also called the frame tension),
µm is the chemical potential of the membrane, and µP is the chemical
potential of the membrane proteins. In simulating planar geometries
the boundary of the membrane defines a frame of constant projected
area (AP ) and the membrane interacts with a heat bath of temperature
T . Hence the suitable thermodynamic potential for a planar membrane
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is given by,
dF (N, n, σ, AP , T ) = dH− TdS − SdT − σdA− Adσ. (2.9)
The surface tension σ defined in Eq. (2.8) should be distinguished
from the bare surface tension σbare defined in the Helfrich Hamiltonian
(Eq. (2.1)). While the latter is purely a material property the former
represents an effective tension which is renormalized by the tempera-
ture T , system size N , and projected area AP . We have performed
all our studies with σbare = 0 and the surface tension determined from
the power spectrum (see Section 2.7) corresponds to the entropic (or
fluctuation) tension σ. Here the entropic tension includes contribu-
tions from both thermal renormalization of membrane undulations and
membrane area compressibility. In the model, an area compressibility
results from constraints on the links set by the intrinsic length scale,
a0.
As discussed previously the membrane model has an intrinsic length
scale, a0, which can vary based on the physical process being investi-
gated. While this length scale sets the projected area of the simula-
tion, it also sets the renormalized tension through the constraints on
the links that make up the membrane. Consider an initial membrane
configuration of 30 by 30 vertices in a triangular lattice with a link
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length, l, which can vary within the range of self avoidance constraints
a0 and
√
3a0. The link length l sets the membrane projected area to be
AP = 900(la0)
2
√
3/2. Upon equilibration, thermal undulations tend to
increase the curvilinear area of the membrane (i.e A ≥ AP ) up to the
maximum link length of
√
3a0. Hence, the difference between the initial
link length, l, and the maximum link length defines a specific excess
area reservoir. This excess area reservoir, defined as A/AP , thus deter-
mines the entropic tension which can be measured through analysis of
the power spectrum of membrane undulations.
2.4 Modeling Membrane Proteins Spontaneous Cur-
vature
Curvature inducing membrane proteins are included in the mesoscale
model through the spontaneous curvature term in Eq. (2.6). In the
triangulated model each protein possesses a spontaneous curvature field
which is centered at a core vertex and can extend from this core vertex
into the local vertex neighborhood. The shape of this spontaneous
curvature field represents a membrane deformation profile intrinsic to
the protein. The curvature induced on the membrane at point ~rm due
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to a protein at point ~rp is represented as,
H0(~rm, ~rp) = C0F(~rm, ~rp). (2.10)
Here C0 is the peak induced membrane curvature at ~rm = ~rp. As a
first approximation we choose this deformation profile F(~rm, ~rp) to be
a Gaussian function centered at ~rp. A radially symmetric Gaussian
curvature profile has the form,
Fiso(r) = exp
(
−r
2
ε2
)
, (2.11)
where r = |~rm − ~rp| and the ε2/2 is the variance. The methodology
for determination of the parameters C0 and ε for a specific curvature
inducing protein is outlined in Section 2.5. In our model the magnitude
of the distance vector r = |~rm − ~rp| does not depend on the curvilinear
surface of the membrane. A more rigorous model for protein induced
curvature may employ a shortest distance arc length calculation for the
distance vector; here ~rm−~rp is an approximation to the curved surface
of the membrane.
Proteins containing BAR domains or proteins such as Exo70 are
known to induce anisotropic membrane deformations that depend on
their relative orientation θ = arccos(‖~rm · ~rp‖) [21, 76, 104–106]. Such
curvature profiles can be modeled with a two dimensional Gaussian
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profile as,
Fani(r, θ) = exp
(
−r2
[
cos2 θ
ε2‖
+
sin2 θ
ε2⊥
])
. (2.12)
Here, ε2‖/2 and ε
2
⊥/2 are the variances along the directions parallel and
perpendicular to the protein orientation respectively. The angle θ must
be defined with respect to some reference axis; often this angle is defined
with respect to the x axis of the xy-plane. The focus of this thesis will
be on isotropic spontaneous curvature fields defined by Eq. (2.11).
In the model, each protein is associated with a vertex and each vertex
can accommodate at most one protein; this sets a hard sphere repulsion
between proteins at radius a0/2. The presence of multiple proteins in
the vicinity of each other leads to an enhancement of the membranes
spontaneous curvature. To our knowledge the exact form of sponta-
neous curvature additivity is not well established and hence we employ
a simple additive rule where the multiple curvature contributions at a
given membrane location are linearly added and truncated at an upper
threshold of 2C0. The ceiling of spontaneous curvature is represented
in functional form as,
H0(~rm) = min
(
2C0,
nP∑
p=1
H0(~rm, ~rp)
)
, (2.13)
where the sum in Eq.(2.13) is performed over the total number of pro-
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teins on the membrane.
By including the effect of protein-membrane interaction as a sponta-
neous curvature field, we assume that the equilibrium behavior of the
system is dominated by membrane-mediated protein-protein interac-
tions. In the model, all attractive or repulsive forces between membrane
proteins are mediated through the membrane undulations. These spe-
cific membrane mediated interactions are dictated by the strength and
range of the curvature field and small-length-scale interactions (i.e., at
the atomic level) are smoothed out. Justification for this assumption
has recently been presented by directly parametrizing such a curvature
field from molecular dynamics simulations [21]. The next section will
describe how estimations of proteins spontaneous curvature energies are
mapped to the parameters of the Gaussian field (C0, ε). This approach
of treating the effect of the curvature inducing protein as a spontaneous
curvature field in the continuum formulation has been utilized in prior
studies [102, 107–114]. In addition, a local curvature model has been
proposed for integral membrane proteins in the literature [82,115,116].
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2.5 Approximating Spontaneous Curvature Field
Parameters (C0, ε)
Several methods have been employed to estimate the isotropic sponta-
neous curvature field parameters C0 and ε. One way to approximate
these parameters is through consideration of both tubule diameter mea-
surements and protein-lipid binding enthalpies in concert. Tubule di-
ameters listed in Section 1.2 correspond to mean curvatures ranging
from ∼ 0.01 nm−1 for Amphiphysin to ∼ 0.06 nm−1 for the ENTH do-
main of Epsin. These mean curvatures can be converted to spontaneous
curvatures by solving (2H −H0) = 0. In this case H0 = 0.02 nm−1 for
Amphiphysin and H0 = 0.12 nm
−1 for the ENTH domain. These val-
ues for spontaneous curvature represent an approximate range for the
peak spontaneous curvature C0 in our model. The binding enthalpy of
the ENTH domain of Epsin to the PIP2 headgroup is reported to be
−14 kBT [4]. This is one of the only measures of a curvature induc-
ing proteins membrane binding energy and is considered here to be an
rough approximation for the binding of a host of curvature inducing
proteins including BAR domain containing proteins. By assuming all
of the protein’s binding energy is used to deform the membrane; the
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value of ε can be approximated by recursively solving the equation,
∆HP =
κ
2
∫
S
(
C0 exp
(
−r
2
ε2
))2
dA =
κπε2C20
4
, (2.14)
for ∆HP = 14 kBT and a given (C0, κ). Eq. (2.14) defines the change in
energy between a flat membrane and one with a single protein curva-
ture field. Setting κ = 20 kBT in Eq. (2.14) corresponds to ε = 7.9 nm
for C0 = 0.12 nm
−1 and ε = 47 nm for C0 = 0.02 nm−1. In the case of
κ = 10 kBT this corresponds to ε = 11.2 nm for C0 = 0.12 nm
−1 and
ε = 67 nm for C0 = 0.02 nm
−1. These estimates give an approximate
range for the values of C0 and ε to take. Setting a0 = 10 nm, these
estimates correspond to the parameter limits 0.2 a−10 < C0 < 1.2 a
−1
0
and 0.8 a0 < ε < 6.7 a0. Another way to approximate the parameters
C0 and ε
2 is from simulations which quantify protein sorting onto bud-
ding morphologies [111]. These simulations define a sorting probability
that can be matched to experiments which measure the partitioning
of Epsins onto lipid tethers pulled from Giant Unilammelar Vesicles
(GUV). These simulations approximate C0 = 0.05 nm
−1 and ε2 = 22 nm
for Epsin. The magnitudes of C0 and ε can also be determined from
molecular dynamics simulations at both the atomic and coarse-grained
level [21,117]. Molecular dynamics simulations have estimated the val-
ues of C0 = 0.04 nm
−1 and ε = 22 nm for Epsin with κ = 10kBT [118];
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this corresponds to ε2 ≈ 6.3 a02 and C0 ≈ 0.4 a−10 in the mesoscale
model (a0 = 10 nm).
These estimates for C0 and ε correspond to the ranges of parameters
investigated in this thesis. The values C0 = 0.4 a
−1
0 and ε
2 ≈ 6.3 a02
could be considered to approximate the bending energy of a single
Epsin. The higher values of C0 we have explored (e.g., 0.4 a
−1
0 < C0 <
1.0 a−10 ) would correspond to either stronger curvature inducers such as
NBAR domains, or ENTH domains organized on the membrane at a
higher density [108,118].
The role of membrane protein oligomerization in stabilizing local
membrane curvature has been investigated in Molecular Dynamics (MD)
simulations which consider proteins bound to lipid bilayers. Here the
term oligomerization does not correspond to proteins bound together
but instead relates to a high concentration of curvature inducing pro-
teins in close proximity. Figure 2.2 details the peak spontaneous cur-
vature obtained from fitting the deformation profile created by the
ENTH domain of Epsin in MD simulations. These simulations con-
sist of an ENTH domain bound to a square patch of lipid bilayer of
dimensions 65 nm by 65 nm. The data shows that a single ENTH do-
main fails to induce much curvature, while at higher concentrations of 4
to 8 ENTH domains these proteins are able to induce stronger sponta-
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neous curvature. Interestingly, above a certain concentration the peak
spontaneous curvature plateaus indicating a possible sigmoidal-like re-
lationship between protein oligomerization and spontaneous curvature
strength. These MD studies indicate that the protein fields in the
mesoscale model may correspond to several proteins in an oligomer like
state rather than a single protein.
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Figure 2.2: Peak spontaneous curvatures obtained from MD simulations of ENTH
domains bound to lipid bilayers at several concentrations. Data from simulations
conducted by Ryan Bradley in the Ravi Radhakrishnan lab (to be published).
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2.6 Modeling the Clathrin Coat and Membrane
Protrusions
In addition to modeling mobile curvature inducing entities as described
in Section 2.4, curvature induced by static assemblies, such as a Clathrin
coat, are modeled as
Hc0(~rm) = C
c
0 Γ(~rm). (2.15)
Here, the Clathrin coat region is defined by the function Γ(~rm) which
is unity within a circular domain of radius r0 and zero otherwise; r0
is the average linear extent (radius) of the curvature-field induced by
Clathrin and Cc0 is the magnitude of Clathrin-induced curvature. In
simulation the coat is initialized in the center of a planar membrane
with a certain number of coat vertices nc. In order to keep the coat
vertices from diffusing apart an Ising-like potential is applied between
neighboring vertices as,
Hcoat = −J
N∑
v=1
∑
v′
φvφ
′
v. (2.16)
Here, φv is a flag at each vertex which defines the coat (φv = 1) and
the bulk membrane (φv = −1). The Ising-like potential in Eq. (2.16)
creates an effective line tension at the boundary of the coat which
keeps it in an approximately circular shape, the coupling parameter J
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is tuned to ensure a strong segregation of domains — J = 3 in many
studies presented in this thesis. When a coat is present the membrane is
equilibrated with the hamiltonian Htot = Hsur +Hcoat though only Hsur
is recorded for free energy calculations. An additional Monte Carlo
move is included in simulations when a coat is present. This Monte
Carlo move randomly translocates coat vertices along the triangulated
mesh with acceptance criteria defined by Metropolis (Eq.(2.7)).
For many studies presented here, the coat is initialized with nc = 40
and r0 ≈ 4.5 a0; this corresponds to a Clathrin coat radii of 45 nm
with a0 = 10 nm. As the coat/membrane system is equilibrated the
initially flat circular coat deforms into a spherical vesicle. The initial
coat area corresponds to a spherical vesicle with a radius of 22.5 nm
and a mean curvature of 0.04 nm−1, which corresponds well to experi-
mentally observed endocytic vesicles [119]. In model units, this vesicle
size corresponds to a mean curvatures of ∼ 0.44 a−10 (a0 = 10 nm).
As an endocytic vesicle forms its morphology changes from a bump,
to a capsid, and finally to a mature budding vesicle with a constricted
vesicle neck. This morphological budding transition is characterized in
our model by increasing Cc0. The capsid-like morphologies generated
though this method can be thought of as the inverted membrane pro-
trusions. Membrane protrusions do not form constricted necks, and as
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such the protrusions modeled here do not consider large coat sponta-
neous curvatures (i.e. larger than Hc0 = 0.6a
−1
0 ).
2.7 Power Spectrum of Membrane Undulations
For a planar membrane without proteins (i.e. nP = 0), the membrane
elasticity moduli can be determined by taking a two dimensional Fourier
transform of the membrane surface, parameterized by the scalar height
function h(~r). Here, ~r denotes the cartesian x − y reference plane;
this parameterization is known as the Monge Gauge [120], and it is
valid in the small deformation limit. The power spectrum of membrane
undulation modes is related to the Fourier transform of the Helfrich
Hamilton through the equipartition theorem as,
kBT = 〈hqh−q〉AP
[
κq4 + σq2
]
. (2.17)
Here, the angle brackets represent the equilibrium ensemble average,
and hq is defined as the two dimensional discrete Fourier transform of
the membrane height function h(~r). Namely,
h(~r) =
∑
q
hq exp (i~q·~r) . (2.18)
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In Eq. (2.18), ~q = (qx, qy) = 2π(nx/Lx, ny/Ly), where AP = LxLy. Each
Fourier mode in Eq. (2.17) corresponds to the magnitude of vector ~q,
as q =
√
q2x + q
2
y. In simulation the averaged intensities of the various
undulation modes, given by 〈hqh−q〉, where q denotes the wavenum-
ber, are used to approximate the elastic constants κ and σ through a
two parameter non-linear fit to Eq. (2.17) [84, 99, 121]. It can be seen
from Eq. (2.17) that tension dominates (i.e. 〈hqh−q〉 scales as q−2) at
wavenumbers q <
√
σ/κ, while bending modes dominate (exhibiting a
q−4 scaling) at larger wavenumbers. In the absence of any spontaneous
curvature fields the power spectrum analysis can be used to measure the
renormalization behavior of κ and σ as a function of A/AP . Figure 2.3
shows the power spectrum of membrane undulations in the absence of
proteins for a range of initial projected areas. The inset if Fig. 2.3 de-
tails the renormalized values κeff and σeff obtained through a nonlinear
fit of Eq. (2.17). It should be noted that as membrane excess area in-
creases the validity of the Monge Gauge formulation breaks down since
this parameterization of the membrane surface cannot accommodate
overhangs.
The simple relation given in Eq. (2.17) does not hold for a mem-
brane with nP > 0. In such a scenario the contributions from the
spontaneous curvature fields to the power spectrum should also be ac-
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Figure 2.3: Undulation spectrum (main plot) and the fit values for κeff and σeff
(inset) for different A/AP . The legend in the main plot represents the pair of values
of (A/AP , AP ). With increase in A/AP the small q behavior transitions from a concave
to a convex profile, which is characteristic of σeff crossing over to negative values as
shown in the inset. The effective bending rigidity is also renormalized with A/AP
such that κeff → 0 as A/AP → ∞. The filled symbols in the inset correspond to
A/AP for which σeff ∼ 0 and κeff ∼ κ.
counted for. The power spectrum which incorporates the effect of the
protein spontaneous curvature fields can be described by [103]:
〈H〉 = AP
2
∑
~q
∑
~q′
{[q2q′2〈hqhq′〉 − q2〈hqh0,q′〉
− q′2〈h0,qhq′〉+ 〈h0,qh0,q′〉]κq+q′ + qq′ [〈hqhq′〉]σq+q′}. (2.19)
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Here q and q′ correspond to two independent modes which are coupled
to each other through the elastic parameters κq+q′ and σq+q′ which rep-
resent the mode specific bending rigidity and tension. h0,q is the Fourier
transform of the spontaneous curvature field H0(~r). For a homogeneous
distribution of κ and σ, κq+q′ = κδq,q′ and σq+q′ = σδq,q′ and Eq. (2.19)
reduces to
〈H〉 = AP
2
∑
~q
{[q4〈h2q〉 − q2〈hqh0,q〉
− q2〈h0,qhq〉+ 〈h20,q〉]κ + q2 〈h2q〉σ}. (2.20)
Each of the modes obeys equipartition and hence the relation for the
power spectrum in terms of the various Fourier modes is given by
kBT = AP{[q4〈h2q〉 − q2〈hqh0,q〉 − q2〈h0,qhq〉+ 〈h20,q〉]κ + q2 〈h2q〉σ}.
(2.21)
As described before, the renormalized values of κ and σ in the presence
of spontaneous curvature inducing protein fields can be determined
through a nonlinear fit of Eq.(2.21).
In order to compare the accuracy of Eqs. (2.17) and (2.21), the
deviation of each Fourier mode from equipartition is shown in Fig. 2.4.
It can be seen that the complex spectrum more accurately captures
equipartition when proteins are present.
45
0.0 0.5 1.0 1.5 2.0
q
 
2⇡
l
   
a 10
 
0
1
2
3
4
5
6
7
8
k
B
T
simple
complex
Figure 2.4: Plot of the right hand side of the simple spectrum, Eq. (2.17), and the
complex spectrum, Eq. (2.21), obtained by non-linear fitting procedures as a function
of q. Data shown corresponds to fits with a bin size of 0.02 and a maximum q of 2,
from a tubulated simulation with the parameters A/AP = 1.029, and nP = 12.
2.8 Length Scales in Membrane Remodeling
As mentioned in Sections 2.2 and 2.3 the model is initialized in a planar
configuration with nx = 30 and ny = 30; this sets a membrane projected
area of ≈ 1317 a20 for a link length, l = 1.3. Considering a0 = 10 nm,
the planar simulations corresponds to a membrane patch of 390 nm by
340 nm. This length scale is physiologically relevant in cells due to
the cortical actin barrier forming plasma membrane adjacent corrals of
40 − 700 nm [122]. These corrals on the plasma membrane limit local
membrane protein and lipid diffusion and may help maintain inhomo-
geneous membrane elasticity. Other relevant membrane length scales in
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cells include filopodia diameters of 200 nm [123] and endocytic radii of
50− 100 nm [119]. A list of these length scales and their corresponding
length in model units are included in Table 2.1.
One measure of protein induced membrane curvature is the length
scale C−10 . This length scale corresponds to the radius of the membrane
tubule formed a protein with spontaneous curvature C0. This length
scale must be larger than the thickness of the bilayer (6 nm) and thus
sets a lower limit on C−10 . Previous studies using a similar mesoscale
model which pattern regions of constant spontaneous curvature C0 find
resultant tubules diameters which match well to the length scale C−10
at low tensions [21]. In the model described here, the spontaneous
curvature of multiple proteins in close vicinity is additive, thus the
ceiling on spontaneous curvature 2C0 may set the radius of the tubules.
In this way tubules formed by the co-localization of multiple strong
curvature inducing protein fields may have a diameter equal to the self
avoidance length.
In the absence of proteins, the length scale which sets the radius of
membrane tethers pulled from liposomes is
√
κ/σ. This length scale is
derived by considering a free energy balance between membrane bend-
ing and the load on the tether [124]. As mentioned in Section 2.7, in ad-
dition to setting the radii of protein free membrane tethers,
√
κ/σ also
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sets the length scale above which tension dominates membrane elastic-
ity. It is worth noting that in many cases when proteins are present, the
length scale C−10 is smaller than
√
κ/σ indicating that protein induced
curvature effects are dominated by bending. At length scales above
√
κ/σ where tension dominates, theories of multipole distortions on
interfaces become informative. For length scales below
√
κ/σ the dis-
tortion induced by proteins can be considered a monopole due to the
asymmetric and molecular nature of curvature induction by proteins as
described in Section 1.1.
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Table 2.1: Comparison of membrane length scales. Tube diameters from Section
1.2 are included alongside length scales of various membrane structures and relevant
model length scales.
√
κ/σ is calculated with κ = 20 kBT and renormalized values of
σ obtained as described in Section 2.7.
length simulation units
length scale (units of nm) (units of a0) (a0 = 10 nm)
cortical actin corral 40 - 700 nm [122] 4 - 70 a0
fillipodia diameter 200 nm [123] 20 a0
bilayer thickness 6 nm 0.6 a0
endocytic radius 50 - 100 nm [119] 5 - 10 a0
tube diameter
ENTH 15 nm [4] 1.5 a0
NBAR 35 - 50 nm [26] 3.5 - 5 a0
Endophillin 20 - 100 nm [15] 2 - 10 a0
inward tube diameter
Exo70 68 nm [21] 6.8 a0
IBAR 76 nm [21] 7.6 a0
C−10
low 10 nm a0
mid 20 nm 2 a0
high 50 nm 5 a0
√
κ/σ
low 40 nm 4 a0
mid 57 nm 5.7 a0
high 140 nm 14 a0
self avoidance 10 nm a0
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Chapter 3
Free Energy Methods
The free energy landscape of the protein-membrane system drives key
biophysical phenomena including membrane protein recruitment, pro-
tein induced membrane remodeling, protein curvature sensing, and
membrane protein clustering. Previous studies which have analytically
investigated the free energy landscape of protein induced membrane re-
modeling have accounted for cooperative interactions between proteins
with an ideal gas or Van der Waals formulation with a well defined en-
tropy of mixing [91, 125–129]. This approximation of the systems free
energy disregards membrane fluctuations and treats membrane protein
interactions with approximations of attractive and repulsive forces. Re-
cent coarse grained simulations studying of the energetics of protein in-
duced membrane remodeling have pointed to curvature mediated inter-
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actions between proteins governing emergent mesoscale behavior [77].
In soft systems such as cell membranes, the true free energy of the
protein-membrane system includes contributions from thermal fluctu-
ations which drive curvature mediated interactions between proteins.
Here we employ several computational free energy methods commonly
used in thermally driven molecular simulations to compute the free en-
ergy landscape for membrane protein curvature induction [130]. In this
chapter the Widom Insertion, Inhomogeneous Widom Insertion, Ther-
modynamic Integration, and Bennett Acceptance Ratio methods will
be introduced and applied in the context of the mesoscale membrane
model.
3.1 Widom Test Particle/Field Insertion Method
The change in free energy when a protein binds to the membrane can be
determined by computing the excess chemical potential using the test
particle insertion method (Widom method). The Widom particle/test
particle insertion method probes a system’s chemical potential in sim-
ulation by randomly inserting a test (ghost) particle and computing
the potential energy difference due to the additional particle [130,131].
Let QnP and QnP+1 be the partition functions of a membrane with nP
and nP + 1 proteins, respectively. This partition function is related to
51
the free energy as FnP = −kBT lnQnP for all values of nP . Hence, the
change in free energy upon insertion of a protein field, in a membrane
containing nP proteins, is given by
∆F = FnP+1 − FnP = −kBT ln
(
QnP+1
QnP
)
. (3.1)
This free energy difference is related to the chemical potential of the
membrane-protein system as
µP =
∂F
∂nP
∣∣∣∣
Ap,σ,N,T
. (3.2)
Combining Eq. (3.2) with Eq. (3.1) we obtain
µP = −kBT ln
(
QnP+1
QnP
)
, (3.3)
which can be decomposed into an ideal gas contribution, µid(ρ), and an
excess contribution, µexP , such that,
µP = µ
id
P (ρ) + µ
ex
P . (3.4)
The ideal part, which is entropic in origin, can be calculated from
the density ρ as µidP (ρ) = kBT ln ρ +C, where the additive constant for
isotropic particles is given by C = dkBT ln(Λ). Here, Λ = (2πmkBT/h
2)−1/2,
where m is the molecular mass of the protein, h is the Planck’s con-
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stant, and d is the dimensionality. If ∆H be the energy change due to
the insertion of a test-protein-field then the excess chemical potential
can be written as,
µexP = −kBT ln
∫
〈exp(−β∆H)〉MPuniform(sM+1)dsM+1. (3.5)
Here ∆H = H (M + 1)−H (M) where M denotes the number of pro-
teins on the membrane and sM denotes the corresponding phase space
of the system. The function Puniform denotes a uniform sampling of the
system through a random choice of membrane vertex with which to test
insert.
In the Widom test particle/field insertion method, the ensemble av-
erage in Eq.(4.2) is taken over a Boltzmann distribution of ∆H. This
means the small or slightly negative ∆H values will dominate the en-
semble average. The distribution of ∆H for the widom insertion of one
protein with ε2 = 6.3 a20 and a range of C0 is shown in Fig. 3.1. This
distribution is seen to be approximately Gaussian, with the amount of
sampling at negative ∆H dependent on the strength of the curvature
field. As the strength of the curvature field increases the mean of this
Gaussian distribution will shift to the right, towards higher energy and
both the precision and accuracy of the Widom method will be impacted
adversely.
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Figure 3.1: Normalized histogram of ∆H obtained using the Widom particle/field
insertion method for different C0; here ε
2 = 6.3a20.
In order to achieve adequate sampling for Widom insertion calcula-
tions, each membrane simulation is run for 3 million Monte Carlo steps.
Data for Widom test-field-insertion was collected only during the pro-
duction phase, which corresponds to the second half of the simulation
(i.e. the last 1.5 million MC steps) in order to ensure membrane equi-
libration. In specific, the test-protein-field was inserted every 100 MC
steps at randomly chosen spatial locations (here we have limited the
maximum number of locations to 20) with the value of exp(−β∆H)
being recorded for every insertion move.
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3.2 Inhomogeneous Widom Insertion
The excess chemical potential in Eq. (4.2) is an average value which
corresponds to the homogeneous chemical potential measured in bulk.
Widom insertion techniques can be extended to compute spatially vary-
ing chemical potentials in the case of an inhomogeneous system [130].
If r denotes a state point in the configurational phase space, µexP (r)
its chemical potential, and ∆H(r) the energy change at r due to the
insertion of the (M + 1)th protein at any point on the membrane, then
the excess chemical is given by
µexP (r) = −kBT ln
∫
〈exp (−β∆H(r))〉MPuniform(sM+1)dsM+1. (3.6)
At equilibrium the bulk chemical potential µP is a constant, hence the
scaled spatially inhomogeneous density can be determined as,
ρ(r) = ρ0〈exp (−β∆U(r))〉N , (3.7)
where ρ0 = exp (µP ). In the tubulation study presented in Chapter 4,
the variable r is taken to be the mean curvature at each vertex v where
the test-protein-field is inserted.
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3.3 Thermodynamic Integration (TI) Method
Thermodynamic Integration is a free energy perturbation technique
used to compute the change in free energy between two states A and
B, with energies HA and HB. Further, state A is characterized by a
scalar parameter λ = 0 and state B by λ = 1. The system is evolved
with a Hamiltonian (or energy function) H(λ) = (1 − λ)HA + λHB.
To define a path between A and B, the parameter λ is varied between
0 ≤ λ ≤ 1 in successive windows of the simulation. The free energy
change along this path [130] is given by,
∆FTI = FB − FA =
∫ 1
0
〈
∂H(λ)
∂λ
〉
dλ =
∫ 1
0
〈HB −HA〉 dλ. (3.8)
In one application of TI, the states A and B correspond to a membrane
with nP = 0 and nP = 1 proteins, respectively. In this case, the scaling
parameter λ is coupled to the intrinsic curvature field H0. This leads
to the state energies being defined as,
HA =
∫
S
κH2dA (3.9)
and
HB =
∫
S
κ(H −H0)2dA (3.10)
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In this case, ∆FTI = µ and the results from TI can be compared to
Widom Insertion results with incorporation of an entropic correction
described in Section 3.5.
In practice TI is performed by setting up a set of simulations with λ
spanning the interval from 0 to 1. In the case of λ = 0.4 the membrane
would be equilibrated with H(0.4) = 0.6HA + 0.4HB and the energies
HA and HB would be recorded. Figure 3.2 details the values of HA and
HB as a function of lambda. ∆FTI is then calculated from this data by
integrating the value (HB −HA) with the trapezoid rule.
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Figure 3.2: Plot of HB and HA as a function of λ. The free energy difference is
given by the integrated area between these Hamiltonians. Data shown has Gaussian
field parameters C0 = 0.8a
−1
0 and ε
2 = 6.3a20.
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3.4 Bennett Acceptance Ratio Method
The Bennett acceptance method is also used to approximate the free
energy difference between two states close to each other in phase space.
This method is derived according to detailed balance involving two
states (states A and B) [132]. Namely,
M(HA −HB) exp(−HB) = M(HB −HA) exp(−HA), (3.11)
where, M is a function that defines the acceptance distribution for tran-
sition from state A to state B or vice versa. In our case, we choose M
to be the Metropolis function M(x) = min(1, exp(−βx)), which defines
the acceptance probability according to a Boltzmann distribution. This
yields:
exp
(−∆FBAM
kBT
)
A→B
=
QB
QA
=
〈M(HB −HA)〉A
〈M(HA −HB)〉B
. (3.12)
The Metropolis function is a simple acceptance distribution function
and the Bennett acceptance method can be improved further by opti-
mizing the function M , in order to decrease the sampling error [133].
The Bennett Acceptance method requires the two states being sam-
pled to be close in energy. The accuracy of the Bennett Acceptance
method can be quantified by plotting the distribution of ∆H in each
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direction sampled (A → B,B → A). A large overlap in ∆H distribu-
tions describes states which are close in energy. For example, consider a
planar membrane simulation consisting of one curvature inducing pro-
tein, two states are defined at different C0 values for a fixed ε
2 = 6.3 a20.
State A has C0 = 0.8 a
−1
0 , while state B has C0 = 0.76 a
−1
0 . The nor-
malized histogram of ∆H for each state in this example is plotted in
Fig. 3.3. As expected, the energy is distributed in a Gaussian distribu-
tion, with the overlap between each distribution within one standard
deviation of each other. As states are separated further apart in energy,
this overlap will decrease, and the accuracy of Bennett will suffer.
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Figure 3.3: Normalized histogram of the change in energy from State A to state B
in the Bennett method.
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3.5 Comparing predictions from different techniques
The free energy methods described in previous sections are each suited
for different problems. The Widom Insertion method is relatively cheap
computationally but can become inaccurate at high densities or under
large perturbations in free energy. Thermodynamic Integration and
Bennett Acceptance Methods both depend on dividing a path between
two states into windows, where the accuracy is limited by the number of
windows and computational resources. While TI and Bennett measure
the same change in free energy, namely ∆F between states A and B,
Widom measures the excess chemical potential of introducing a protein
into the system. In the case of ∆n = 1 and nP = 0, these three methods
can be equated according to,
∆FTI/BAM + F (ρ) = µ
ex
P (3.13)
where F (ρ) is the entropic configurational component of the free energy
which depends on the number of states visited by a single particle or
protein-field in our case. TI and Bennett simulations work by defining a
protein and ”growing” it on the membrane by increasing the parameter
λ in the case of TI or integrating between windows in Bennett. As these
methods progress the protein is further segregated to its free energy
well and does not explore as much conformational phase space of the
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membrane. Therefore the correction F (ρ) can be calculated in TI or
Bennett simulations and is defined as some fraction of vertices visited
in simulation and can be calculated as,
F (ρ) = −kBT ln
(
2σψ
Nvert
)
. (3.14)
Here σψ is the standard deviation of the distribution of unique vertices
visited in a TI simulation and Nvert is the total number of vertices in
simulation. This distribution is shown in Fig. 3.4(a), and σ2ψ is simply
calculated as,
σ2ψ =


Nψ∑
υ=1
υ2Pυ −


Nψ∑
υ=1
υPυ


2

 , (3.15)
By adding this correction to Widom results for µexP all three meth-
ods can be compared as shown in Fig. 3.4(b). It can be seen from
Fig. 3.4(b) that all three methods agree well for low values of C0 while
Widom insertion deviates from the other methods above C0 > 0.6 a
−1
0 .
The deviation of TI and Widom insertion methods at high C0 is well
known since efficient sampling of µexP suffers for large perturbations in
energy or higher densities. These results indicate that the Widom test
particle (or field) insertion method fails to capture the correct chemi-
cal potential at high curvature field strengths, as expected, due to the
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Figure 3.4: (a) Distribution of the number of unique vertices P (υ), visited in a TI
simulation with λ ∼ 1, for four different values of C0. The points shown alongside
each curve correspond to the standard deviation σψ. (b) Comparison of the relative
free energies to add one protein to a membrane with zero proteins computed using
TI, BAM, and Widom insertion.
large perturbation in energy. In this limit, the TI and the Bennett
acceptance methods perform more favorably to control the statistical
error.
3.6 Change of Free Energy Reference State
In previous sections, ∆F is defined as the change in free energy to
deform the membrane. In order to analyze the free energy of generating
a protrusion or bud on the membrane, the reference state of the free
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energy is changed according to,
F0 = F + 〈E0〉 − 〈E〉 (3.16)
where,
〈E0〉 =
〈
N∑
v=1
κ
2
(2H)2 dA
〉
(3.17)
and,
〈E〉 =
〈
N∑
v=1
κ
2
(2H −H0)2 dA
〉
. (3.18)
Here, ∆F is the change in free energy required to deform the mem-
brane once the protrusion assembly or protein is already bound, and
∆F0 is the change in free energy to generate a protrusion from an un-
stressed membrane (i.e. protein or assembly unbound). In this context
∆F0 represents the total work done on the system in order to generate
a specified morphology, including the energy upon membrane protein
binding. It is apparent from Eq. (3.17) and Eq. (3.18) that ∆F0 will
always be larger than ∆F since the membrane is equilibrated according
to Eq. (2.6).
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Chapter 4
Protein Curvature Induction and
Sensing
Adapted from: R. W. Tourdot, N. Ramakrishnan, and R. Radhakrish-
nan, Defining the free-energy landscape of curvature-inducing proteins
on membrane bilayers, Phys Rev E. 90, 022717 (2014).
As described in Chapter 1, proteins known to bend the membrane
share common structural characteristics which include an N-terminal
α-helix or a curved ”banana” shape which scaffolds the membrane
[12, 134, 135]. Experiments have classified these proteins further with
certain proteins displaying curvature sensing and/or curvature inducing
behavior in model in vitro systems. In the literature, proteins which ex-
hibit differential binding behavior between liposomes of different radii
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are deemed as curvature sensors, while proteins which bind all sized
liposomes regardless of size are deemed curvature inducing. Curvature
sensing proteins are thought to have weaker curvature inducing proper-
ties and thus show preference for certain sized liposomes due to larger
curvature mismatch energies at non optimal liposome radii. In the case
of intrinsically curved proteins such as those containing the BAR do-
main, this means the effective binding energy is minimized for liposome
radii where membrane curvature matches the proteins curved shape,
otherwise an increasing mismatch in curvature causes higher binding
energies [18]. Proteins with strong curvature generation properties tend
to tubulate liposomes at sufficient density and show no preference for
binding liposomes with certain radii [16].
Beyond binding characterization, several experiments in liposome/Giant-
Unilammelar-Vesicle (GUV) systems have quantified protein localiza-
tion to regions of high curvature [136, 137]. These experiments fluo-
rescently tag membrane proteins and lipids and analyze their relative
spatial fluorescence levels after a tether is pulled from a GUV. The
degree to which proteins partition from the spherical GUV to the high
curvature membrane tether is thought to be directly related to their
curvature induction strength. Proteins which partition more to the
tether are said to be stronger sensors of curvature. In this chapter, the
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chemical potential landscape of these classes of proteins will be quan-
tified through the use of the mesoscale membrane model described in
Chapter 2 coupled to free energy methods described in Chapter 3 and
directly related to their curvature sensing/inducing behavior.
4.1 Previous Studies of Protein Induced Curva-
ture
The nature of curvature inducing proteins and their effects on mem-
brane morphology have been investigated previously in a variety of the-
oretical and computational models. Aranda-Espinoza et al. employed
a combination of integral equation theory and a linearized elastic free-
energy model to describe the spatial distribution of the membrane-
bound proteins [138]. Their study indicates that the interaction (in
the absence of thermal undulations) between two membrane-bound
curvature-inducing proteins is dominated by a repulsive interaction.
Consistent with these published reports, the calculated binding energy
between two membrane-bound proteins interacting through their cur-
vature fields (again without thermal undulations) shows dominant re-
pulsive interactions which are governed by the range of the curvature
field [109]. Thus, purely based on energetic grounds, the previous analy-
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ses have suggested that membrane-deformation-mediated energies tend
to be repulsive and should prevent, rather than promote, the formation
of protein dimers or clusters.
Kozlov has discussed how the effect of fluctuations can change the
repulsive nature of the interactions [139]. This study hypothesizes
that any membrane protein locally restrains thermal undulations of
the lipid bilayer. Such undulations are favored entropically, and so
this increases the overall free energy of the bilayer. Neighboring pro-
teins collaborate in restricting the membrane undulations and reduce
the total free-energy costs, yielding an effective (membrane-mediated)
protein-protein attraction. Indeed, for the linearized free-energy model,
computing the second variation of energy (note that at equilibrium, the
first variation is zero, while the second variation governs the stiffness
of the system against fluctuations), yields that the presence of a pro-
tein (or equivalently a curvature-inducing function) leads to a localized
suppression of membrane fluctuations [109, 110]. This calculation has
been further verified by using a free-energy method to compute the
change in Helmholtz free energy upon the introduction of a curvature
field [110]. This provides for the possibility of an entropically medi-
ated protein-protein attraction. The outcome of the interplay between
the attractive entropic forces and the repulsive energetic forces is con-
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text specific as both have the same dependence on the protein-protein
distance, and their absolute values differ only by coefficients with simi-
lar values. The energy of membrane-mediated protein interactions can
be quantified in our model through calculation of the excess chemical
potential.
4.2 Excess Chemical Potential of Curvature In-
ducing Proteins
The form of the excess chemical potential of a curvature inducing pro-
tein can be derived from Eq. (2.1). The difference in energy between
a state without proteins and after the addition of a curvature inducing
protein can be simplified as,
∆H =
∫
S
κ
2
(
−4HH0 +H20
)
dA. (4.1)
At infinite dilution, (i.e. when nP = 0), the change in energy for an
isotropic curvature field given by Eq. (2.11), can be included in the
expression for the excess chemical potential in Eq. (4.2) as,
µexP = −kBT ln
〈
exp
( −κ
kBT
(
−2C0
∫
HFiso(r)dA+
πε2C20
4
))〉
nP=0
.
(4.2)
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This relation can be simplified further to,
µexP =
κπε2C20
4︸ ︷︷ ︸
µT=0
− kBT ln
〈
exp
(
2κC0
∫
HFiso(r)dA
kBT
)〉
nP=0︸ ︷︷ ︸
µfluc
, (4.3)
since the second term in the exponential depends only on constants. In
Eq. (4.3), µT=0 can be interpreted as the chemical potential to insert a
protein on a flat membrane (or a system at zero temperature). Cellular
membranes can remain planar when the membrane is strongly bound
or pinned to other cellular components like the cells cytoskeleton and
other membrane binding proteins which can be characterized by a pin-
ning fraction, φP . The pinning fraction can range from 0 for an free
membrane to 1 for a completely pinned membrane. When φP < 1 the
excess chemical potential includes contributions from the undulatory
modes of the membrane, given by µfluc. µfluc characterizes the degree
to which membrane fluctuations couple to the spontaneous curvature
field and is disregarded in purely energetic studies. Here, computational
free energy methods are used to sample µexP which includes contribu-
tions from µfluc.
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4.3 Comparison to Analytical Results
The values of the excess chemical potential at infinite dilution can be
computed analytically as outlined in the previous section. However, for
proteins with finite curvature extent, a direct comparison with analyt-
ical results is complicated by the non-trivial curvature field dependent
term in Eq. (4.3). It is possible however, to obtain closed form analyt-
ical predictions for the excess chemical potential when intrinsic curva-
ture fields of the Dirac form (H0 = C0δ (r − r′)) are considered. In this
section, the results obtained from Widom test particle/field insertion
are compared against analytical predictions for such curvature fields.
In our model, proteins which do not have large extents of curvature
can be approximated as point sources of spontaneous curvature. A
point spontaneous curvature field can be described by,
H0(~rm, ~rp) = C0δ(r), where r = |~rm − ~rp|. (4.4)
Using Eq. (4.4), Eq. (4.3) can be recast as,
µexP =
κC20
2Avertex︸ ︷︷ ︸
µT=0
− kBT ln
〈
exp
(
2κC0
kBT
H(sn+1)
)〉
n︸ ︷︷ ︸
µfluc
. (4.5)
Here, Avertex =
√
3(1.3a0)
2/2 is the area per vertex in our discrete tri-
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angulated mesh, and 1.3 a0 is the initial link length at the value of
A/AP = 1.029. The factor Avertex arises due to the discrete approxima-
tion to the Dirac delta function. The ensemble average in Eq. (4.5) can
be evaluated in simulation according to the cumulant expansion,
〈exp (tH)〉 = 1 + t〈H1〉+ t
2
2!
〈H2〉+ t
3
3!
〈H3〉+ ..., (4.6)
where, 〈H i〉 is the i’th moment of the mean curvature, and t = 2κC0/kBT .
The sum of terms 〈H i〉 is a weakly decaying function of i, and hence
we retain the first 15 terms in order to obtain convergence. µexP ob-
tained from the Widom test particle/field insertion method is plotted
in Fig. 4.1 and compared against µT=0 and (µT=0 − µfluc). The ana-
lytical results with finite temperature corrections agree well with µexP .
The Widom test particle/field insertion method is thus validated for
point spontaneous curvature fields, and hence we are confident that
the method gives reliable estimates for the excess chemical potential.
It should be noted that these corrections for the point spontaneous
curvature field ranges from 0 to 6 kBT . This large correction is the
manifestation of the protein curvature field localizing to membrane un-
dulations matching their profile, and thus the value of µfluc depends on
κ, C0, ε
2, A/AP , and nP .
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Figure 4.1: Comparison of Widom insertion results with analytical scaling for a
dirac function for a range of C0. µT=0 is the first term in Eq. (4.5), µT=0 − µfluc
approximates µfluc through the use of the cumulant expansion in Eq. (4.6), µ
ex
P is the
bulk excess chemical potential for insertion of a Dirac function sampled in simulation.
4.4 Membrane Conformations versus C0
The equilibrium conformations of a planar membrane interacting with
spontaneous curvature inducing proteins with fixed ε2 = 6.3 a20, for
different magnitudes of imposed curvature C0, are shown in Fig. 4.2.
It should be noted that the length scale in this chapter is set by
choosing the value of a0. In order to make the choice of the parame-
ters realistic and physiologically relevant, the choice of a0 is made by
ensuring that the strength and range of the curvature field function are
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Figure 4.2: Representative membrane conformations as a function of imposed curva-
ture C0 for a system with 6 proteins: (a) no protein fields; (b) six protein fields each
with C0 = 0.4 a
−1
0 ; (c) six protein fields each with C0 = 0.8 a
−1
0 . Simulations have a
membrane excess area of A/AP = 1.029. Color bar shows the induced curvature field
H0.
chosen according to the specific curvature-inducing protein we seek to
model. Based on methodology outlined in Section 2.4 for the protein
Epsin, a0 is chosen to be 9 nm. This value for a0 also defines the dimen-
sions of the membrane patch dimensions to be ∼ 350 nm by 300 nm.
A comparison of the membrane conformations for C0 = 0.0, 0.4, and
0.8 a0
−1, in Fig. 4.2, shows that in the presence of a small number of the
curvature inducing proteins (dilute limit), the membrane does not un-
dergo any morphological changes consistent with previous studies [109].
This is characteristic of membranes with dilute protein concentration
or proteins imposing small curvatures. In the dilute limit, the pro-
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teins localize to regions on the membrane which match their curvature
field; however, the concentration is too low in order for the proteins to
spatially aggregate and induce any morphological transitions. Hence
the proteins in this regime of concentrations can largely be regarded
as curvature sensors. We note however, that even in the dilute limit
there is significant renormalization of the bending rigidity and tension
parameters.
4.5 Widom Test Particle/Field Insertion Results
The Widom test particle/field insertion method is used here to quan-
tify the excess chemical potential of curvature-inducing proteins on a
planar membrane. Figure 4.3 details the excess chemical potential un-
der dilute protein concentrations (i.e., nP → 0) as a function of both
C0 and ε
2 for curvature fields of the form given by Eq. (2.11). For
C0 = 0.4 a
−1
0 and 0.6 a
−1
0 , µ
ex
P is negative, and hence it is favorable to
insert a protein on the membrane. In this case, the protein’s curva-
ture field is shallow and matches well with the equilibrium curvature
profile of the natural undulations in the membrane, which leads to a
reduced free energy/chemical potential. However, it should be noted
that the excess chemical potential can cross over to positive values with
an increase in ε2 and the insertion of a protein is no longer thermody-
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namically favorable. For C0 = 0.8 a
−1
0 the crossover to positive µ
ex
P is
observed at much lower values of ε2. µexP increases linearly with ε
2 with
the respective slope depending on the value of C0. An increase in µ
ex
P is
a signature of curvature induced deformation, since equilibrium mem-
brane profiles cannot accommodate such large curvatures. Hence, these
results quantify both membrane protein curvature sensing behavior and
curvature inducing behavior.
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Figure 4.3: Excess chemical potential, in units of kBT , to insert a protein field with
maximum spontaneous curvature C0 and extent of curvature ε
2 on a membrane with
zero proteins — both C0 and ε
2 are expressed in units of a0. (a) µ
ex
P as a function of
ε2 for fixed values of C0 = 0.4 a
−1
0 , 0.6 a
−1
0 , and 0.8 a
−1
0 and (b) µ
ex
P as a function of
C0 for fixed values of ε
2 = 2.3 a20, 4.3 a
2
0, and 6.3 a
2
0.
The excess chemical potential as a function of the induced spon-
taneous curvature C0 (data from Fig. 4.3(a) is replotted) is shown in
Fig. 4.3(b). As stated before, the free energy for insertion of a protein
is negative for small induced curvature magnitudes and extents (low C0
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and ε2). For higher values of ε2 the excess chemical potential is observed
to grow quadratically with C0, as predicted by Eq. (4.3). We note
that the higher values of ε2 correspond to energy dominated regime,
for which the entropic correction (second term in RHS of Eq. (4.3)) is
small, by relative comparison.
4.6 Membrane Conformations versus nP
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Figure 4.4: Excess chemical potential of an isotropic Gaussian curvature field with
the parameters C0 = 0.8 a
−1
0 and ε
2 = 6.3 a20 obtained as a function of the number of
protein fields (nP ).
We have shown in in Fig. 4.4 the computed chemical potential as
a function of protein concentration (nP ) for a planar membrane with
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Figure 4.5: Representative membrane conformations as a function of epsin concen-
tration for C0 = 0.8 a
−1
0 : (a) 2 protein fields; (b) 8 protein fields; (c) 14 protein fields.
Color bar shows the induced curvature field H0; a tubule is present in (c).
C0 = 0.8 a
−1
0 and ε
2 = 6.3 a20. For small values of nP where the con-
centration of proteins does not considerably affect the membrane un-
dulations, we observe µexP to be positive and increase with increasing
value of nP . The excess chemical potential reaches a peak value at
nP ≈ 6, beyond which the chemical potential drops to negative values,
implying that the subsequent recruitment of proteins is favorable. In
analogy, the region to the left of the peak (nP > 10) corresponds to the
planar membrane morphology shown in Fig. 4.5(a) and the region to
the extreme right in Fig. 4.4 (nP > 10) corresponds to the tubulated
membrane conformation shown in Fig. 4.5(c). In the transition region
we observe both tubulated and planar morphologies with equal proba-
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bilities, and the wide range of morphologies leads to the large error in
µexP as seen for protein concentrations n = 8 and n = 10 in Fig. 4.4.
Hence, the Widom test particle/field method is a powerful approach
to quantitatively map the phase boundary associated with morpholog-
ical transitions in membranes. The tubulation phase transition will be
studied in greater detail in Chapter 5
4.7 Widom Sampling at High Densities
The Widom test particle (or field) insertion method is known to fail at
high densities due to the nature of its sampling. Therefore a comparison
of free-energy methods for higher densities is done in order to quantify
its accuracy. A comparison between the chemical potential obtained
from both TI and the Widom method for several protein concentrations
ranging from nP = 0 to nP = 6 is shown in Fig.4.6. The entropic
correction for the Widom method is calculated according to Section
3.5. For C0 = 0.8 a
−1
0 this correction is approximately F (ρ) = 2.85 kBT ,
for C0 = 0.6 a
−1
0 it is F (ρ) = 2.42 kBT , and for C0 = 0.4 a
−1
0 it is
F (ρ) = 1.83 kBT . The comparison in Fig.4.6 shows that the methods
agree within statistical error for C0 = 0.6 a
−1
0 . The deviation between
the results at C0 = 0.8 a
−1
0 is systematic and is expected due to a similar
deviation seen in Fig.3.4(b) between the Widom method and other free-
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energy methods for dilute concentrations as discussed in Fig.3.4(b).
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Figure 4.6: µ obtained with Widom Insertion (µW ) and TI (µTI) vs nP : Data shown
for C0 = 0.6 a
−1
0 and 0.8 a
−1
0 with κ = 10 kBT and ε
2 = 6.3 a20.
4.8 Dependence of Single Protein Induced Curva-
ture on Tension
While the degree to which the spontaneous curvature field parameters
ε2 and C0 couple to membrane undulations alters the excess chemical
potential, and hence the free energy of binding to the membrane, the
membrane undulation themselves are altered through the membrane
excess area reservoir. Thermodynamic Integration was used to compute
∆F for a single protein as a function of A/AP , as shown in Fig. 4.7.
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In this case the value of ∆F obtained with TI calculations is equal to
µ since ∆nP = 1. Figure 4.7 details larger positive free energies for
tense membranes with low excess areas, and increasingly negative free
energies for membranes low tension. The relation of excess area with
measured renormalized membrane tension is shown in Fig. 2.3. This
finding indicates the favorability of curvature inducing proteins to bind
membranes with lower tension (higher A/AP ). In the next chapter,
the dependence of protein free energy on tension will play a role in the
generation of membrane tubules.
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Figure 4.7: ∆F obtained with Thermodynamic Integration for a range of excess
areas (A/AP ). Data from simulations with C0 = 0.8 a
−1
0 , ε
2 = 6.3 a20, κ = 10 kBT .
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Chapter 5
Membrane Tubulation
Adapted from: R. W. Tourdot, N. Ramakrishnan, T. Baumgart, and
R. Radhakrishnan, Application of a free energy landscape approach
to study tension dependent bilayer tubulation mediated by curvature
inducing proteins, Phys Rev E. (2015)
As stated previously, morphological transitions such as membrane
tubulation are known to arise due to the cooperative effects of cur-
vature inducing membrane proteins. Recent research has quantified
a reversible membrane tubulation transition at a critical protein sur-
face density that is strongly dependent on membrane tension [5]. This
experiment was performed with a GUV that is aspirated by a mi-
cropipette. In this in vitro system the tension in the GUV can be
controlled by modulating the suction pressure of the pipet. This ex-
81
periment found that as tension was lowered, the membrane underwent
spontaneous nucleation of multiple tubular structures. Following argu-
ments by Liebler [91], a membrane tubulation transition is predicted
to occur at high membrane inclusion densities due to a curvature in-
stability which scales with membrane tension [92, 93]. Furthermore,
studies by Turner and Sens [92] have used this instability argument
in combination with pre-assumed micellization like behavior to inves-
tigate caveolae formation and have predicted a critical protein concen-
tration for initiation of vesicle budding. Alternatively, large Molecular
simulations have decorated membranes with oligomerized networks of
ENTH [76], N-BAR [75], and Exo70 [21] domains and have shown that
in the presence of these proteins tubular and vesicular morphologies
are stable. A similar approach has been used to investigate the effect
of protein aggregation, cooperative interactions, and membrane elastic-
ity [94,95] on the formation of highly curved membrane morphologies.
In this chapter, the formation of tubular-like structures through co-
operative protein interactions will be examined and compared against
experimental results.
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Figure 5.1: Representative snapshots of equilibrium membrane morphologies as a
function of nP and A/AP . The membrane surfaces are colored based on the value of
H0,v (expressed in units of a
−1
0 ) — an isolated Gaussian bump represents an individual
protein field while tubules, formed by the aggregation of multiple protein fields, are
seen as sharp protrusions. The tubules have an approximate diameter of 1.5 − 2 a0.
All protein fields shown have the parameters C0 = 0.8 a
−1
0 and ε
2 = 6.3 a20.
5.1 Tubular Morphologies
Tubules are found to spontaneously nucleate in simulations at a critical
number of proteins, ncritP . In this chapter, the number of proteins is
presented rather than the protein density since the definition of density
on a curved surface is problematic under morphological changes such as
tubulation. When required, critical protein densities are calculated as
ρcritP = n
crit
P /AP in order to compare simulation results to experiments,
and these critical densities often corresponds to membranes just before
tubulation where the projected area AP is a good approximation for
the curvilinear membrane area A.
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Snapshots of representative tubulated conformations are shown in
Fig. 5.1. It can be seen in Fig. 5.1 that as the protein number is
increased past ncritP separate tubules are nucleated as opposed to the
growth of a single long tubule. This result and its analogy to micelle
like behavior will be discussed in Section 5.4. The morphologies shown
in Fig. 5.1 correspond to isotropic proteins with the spontaneous cur-
vature field parameters C0 = 0.8 a
−1
0 and ε
2 = 6.3 a20; other bleb and
vesicle like morphologies spontaneously form at high concentrations
of proteins with slightly different spontaneous curvature field param-
eters. Figure 5.2 details the types of morphologies seen for proteins
with smaller extents of curvature (C0 = 0.8 a
−1
0 , ε
2 = 2.3 a20) or weaker
peak mean curvatures (C0 = 0.6 a
−1
0 , ε
2 = 6.3 a20). It can be seen that
bleb-like morphologies form when ε2 is low, while buds form at lower
C0. The free energy of formation of tubules will be analyzed in this
chapter, with extension to the other morphologies generated in this
conformational phase space.
5.2 Defining Tubules
In our simulations, a tubule is a protrusion above the mean surface of
the membrane, as observed in the snapshots in Fig. 5.1. The tubula-
tion transition itself is marked by the onset of a bimodal distribution
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Figure 5.2: Snapshots of equilibrated membrane morphologies for proteins with low
ε2 (top row) and low C0 (bottom row)
of the mean curvature, P (H), as depicted in Fig. 5.3; the characteristic
peaks at H = 0 and H > 0.5 correspond to planar and tubular re-
gions, respectively; the peak at higher mean curvatures is not observed
for dilute systems, (i.e., nP → 0). Figure 5.4 details the distribution
of membrane mean curvature as a function of the various parameters
in the model. It is evident from Figs. 5.1 and 5.4 that the tubula-
tion transition is a function of the parameters nP , C0, ε
2, and A/AP .
The absence of a bimodal distribution in Fig. 5.4 indicates that the
curvature remodeling effects are not strong enough to stabilize tubu-
lar structures, and collectively the results indicate that the tubulation
transition occurs only above a threshold protein concentration, which
is strongly influenced by the protein-properties — given by C0, ε
2 —
and by the state of the membrane, defined by A/AP .
The curvature distribution P (H) is a useful marker of tubulation,
but can only be used unambiguously when a large number of tubules are
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Figure 5.3: a) Probability density of the membrane mean curvature for two protein
concentrations, nP = 0 and 14, for a protein field with C0 = 0.8 a
−1
0 and ε
2 = 6.3 a20.
b) Snapshot corresponding to the membrane with nP = 14, that clearly illustrates
co-existing planar and tubular regions on the membrane.
present. Also, its ability to predict the tubulation boundary is limited
when non-tubular structures such as blebs, buds, etc. are present. This
is evident from examining the P (H) versus nP , as shown in Fig. 5.4(b);
though P (H) shows a clear bimodal distribution only above nP = 12,
the protrusions appear even for nP = 10, but the mode at larger values
of H does not appear since these structures are not persistent. Hence,
to faithfully resolve the transition boundary, we have computed the ex-
cess chemical potential, in order to quantify the nature of membrane
tubule formation induced by curvature remodeling proteins. In par-
ticular, we utilize the inhomogeneous Widom insertion technique (see
Section 3.2) [130], which for our purpose involves the computation of
three different excess chemical potentials, namely: (a) µex in the entire
system (equivalent to µexP from previous chapters), (b) µ
ex
p in spatial re-
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Figure 5.4: Histograms of mean curvature for simulations with: (a) a range of peak
spontaneous curvatures C0, (b) several protein concentrations nP , (c) a range of
curvature field extents ε2, and (d) several different membrane excess areas A/AP . All
panels have the parameters C0 = 0.8 a
−1
0 , ε
2 = 6.3 a20, nP = 14, and A/AP = 1.029
unless otherwise stated. Mean curvature cutoff of 0.5 a−10 shown as vertical dotted
line.
gions where H < 0.5, and (c) µext corresponding to the tubular regions,
i.e. for regions with H ≥ 0.5. The thresholds are consistent with (and
derived from) the cutoff value (H = 0.5) that separates the two modes
in the P (H) distributions (see Fig. 5.4).
87
5.3 Free Energy of Tubulation
The equilibrium chemical potential µex as a function of nP , for a protein
induced curvature field-strength of C0 = 0.8 a
−1
0 and ε
2 = 6.3 a20; for
several values of the membrane excess area is shown in Fig. 5.5. Shown
alongside are the corresponding values of the excess chemical potentials
for the planar region µexp and the tubular region µ
ex
t . It should be noted
that in an inhomogeneous system which exhibits spatial variation of
density, the total chemical potential µ is a constant, which is the sum
of µex, which strongly depends on the underlying curvature at a given
location and µid(ρ), which depends on the density at the location as
described in Eq. (3.4). It can be seen in Fig. 5.5 that when nP < 5
the total excess chemical potential µex is indistinguishable from the
chemical potential obtained from the planar region µexp , as is clearly
seen for the case of A/AP = 1.029. However, at the onset of tubulation
where µext is well defined, µ
ex is slaved to the values of µext indicating
a strong thermodynamic driving force to form tubulated regions on
the membrane. This relation holds for all parameter values that can
induce membrane tubules, and this is shown for a range of C0, ε
2,
and A/AP in Fig. 5.6. The transition behavior shows a bifurcation
in the excess chemical potential versus density plane at ncritP , and this
transition point is a function of the membrane excess area, A/AP for
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Figure 5.5: The various excess chemical potentials as a function of nP , for four values
of A/AP . For each value of A/AP , filled symbols with error bars denote µ
ex, open
symbols with dotted lines represent µext , and solid lines correspond to µ
ex
p .
a given field-strength of curvature induction. As nP increases in the
build-up to the transition µex increases owing to repulsion between the
protein fields. Beyond the transition point µex, µexp , and µ
ex
t decrease.
The observed decrease in µext in the tubular phase reflects that fact
that the curvature contribution to µex from the large mean curvatures
of the tubule dominates the free energy contribution. That µexp for
the planar phase also drops (albeit by a much smaller amount relative
to its value prior to the transition) reflects the fact that the average
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density of the protein-fields in the planar region is a constant and lower
than the protein density just prior to the transition. This observation
can be rationalized by the fact that post-transition, addition of new
protein fields results in their incorporation in the tubular phase keeping
the density in the planar phase at a constant value, (see Fig. 5.5).
That the errors in the values of µex are higher at the transition region
and are considerably lower pre- and post- transition along the nP axis
has to do with sampling rather than any onset of criticality. This is
reconciled through the P (H) distributions shown in Fig. 5.4 which show
metastability in the free energy landscape of the planar versus tubule
phases, which is not a feature of a first-order-like transition. Moreover,
as discussed in the following section, the transition observed in the
model is a state transition (akin to a micellar transition), and several
features in our results outlined in Fig. 5.5 are in striking agreement
with analogous behavior reported for micellar systems. The distinction
between a phase transition in a finite system versus a state transition
resulting in finite sized assemblies can be made by recognizing that the
former would produce an ordered phase whose extent will span the size
of the system. However, given that µex in the tubular phase is flat with
increasing nP , following Israelachvili’s argument [140], multiple tubes
of short (finite) lengths are entropically favored rather than a single
long tube, for which µex versus nP should decrease monotonically post
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transition.
The total number of proteins partitioned into the planar (n1) and
the tubular (npptnN) regions, computed for a membrane with A/AP =
1.016, C0 = 0.8, and ε
2 = 6.3, are shown in Fig. 5.7; at the onset
of tubulation, n1 saturates and the number of proteins in the tubular
regions increases linearly. A closer inspection of the tubule statistics
reveals that with increasing nP , the number of protein per tube remains
fixed with nppt ≈ 4, while the number of tubes ntubes increases. These
observations are characteristic of a micellization like transition and this
is further evidenced in Fig. 5.8(b) where our data shows excellent agree-
ment with the predictions of the micellar model outlined in the next
section. We rule out the possibility that the flat behavior of µex ver-
sus nP is an artifact of our ensemble of holding AP fixed rather than
maintaining a constant tension because the absolute value of the µex of
the tubular phase remains at a constant value for all values of nP post
transition for systems with different AP . Beyond providing insight into
how the thermodynamic stability of the tubular phase is impacted by
the independent variables nP and AP , our results show that threshold
density (the value of ncritP ) that marks the onset of the tubular transition
shifts to larger values with a decrease in the excess area A/AP , which
clearly implies that membrane tension σ has a predominant effect on
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the transition.
5.4 Membrane tubulation and its analogy to mi-
cellization
The thermodynamics of tubule formation can be related to a critical
aggregation concentration nP,∗, analogous to a critical micelle concen-
tration (CMC). An important parameter in micelle formation is the
critical micelle number, or the number of surfactants in each micelle.
For tubule formation, this number is analogous to the number of mem-
brane proteins in each tubule. In our coarse-grained model for mem-
branes, a single protein field represents ζ protein units and hence the
absolute number of proteins within each tubule is given byNppt = npptζ,
where nppt is the number of coarse-grained protein fields in the tubular
region. nppt as a function of the total number of coarse-grained proteins,
nP , for four different membrane excess areas, is shown in Fig.5.7(d). It
can be seen that nppt saturates to approximately 4, for all values of
nP above a critical aggregation number nP,∗ whose value in turn de-
pends on the elastic properties of the membrane and the parameters
characterizing the protein field. In the classic analysis of micellar self-
assembly [140,141] the total surfactant concentration (ctot) is expressed
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in terms of the monomer concentration (c1) and the concentration of
an aggregate containing M surfactant molecules (cM) as,
ctot = c1 +McM = c1
(
1 +McM−11
(
exp
(
Mβ(µ01 − µ0M)
)))
, (5.1)
with (µ01 − µ0M) being the chemical potential difference between the
monomer state and the aggregate. In analogy, the proteins in the planar
and tubular regions on the membrane correspond to the monomers
and aggregates respectively. Thus following Eq. (5.1), the equations
governing the partitioning of proteins between the planar and tubular
states can be rewritten in terms of the protein numbers as
ζnP = ζn1 + ζnpptnN
= ζn1
(
1 + ζnppt(ζn1)
ζnppt−1 (exp
(
ζnpptβ(µ
ex
p − µext )
)))
.(5.2)
n1 is the number of protein fields in the planar phase (analogous to
c1), nN is the number of tubes each containing ζnppt proteins (anal-
ogous to the concentration of micelles cM), and ζnpptnN is the total
number of proteins partitioned into the tubular phase. At the critical
number of protein fields (nP,∗) that promotes membrane tubulation (see
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discussions by Nelson [141]),
nP = nP,∗ and n1 = npptnN = nP,∗/2. (5.3)
Using Eq. (5.3) in Eq. (5.2) we obtain,
ζnppt exp
(
βζnppt
(
µexp − µext
))
=
(
ζnP,∗
2
)(1−ζnppt)
. (5.4)
Thus, the number of protein fields in the planar and tubular regions
are related through the equation,
nP = n1
(
1 +
(
2n1
nP,∗
)Nppt−1)
. (5.5)
Notice that despite being a coarse-grained model the number of
coarse grained protein fields in the planar phase is related to the total
number of proteins through the coarse graining parameter, ζ, which
appears in the exponent of Eq. (5.5) on the right hand side. ζ can
be determined either by fitting the observed values of n1 to Eq. (5.5)
or by analyzing how the critical protein density scales as a function
of membrane tension, as shown in Fig.5.11 — which yields a value of
ζ = 10. Incidentally, this value of ζ shows an excellent fit of Eq. (5.5)
to the simulation data as shown in Fig. 5.8. In order to compare the
tubulation statistics of simulations with Eq. (5.5), n1, nN and nppt were
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calculated using a clustering algorithm with a mean curvature cutoff
of H = 0.5 a−10 , similar to the cutoff used in inhomogeneous Widom
insertion.
5.5 Estimating membrane tension at tubulation
The membrane tension at the point of tubulation is an experimen-
tally measurable quantity and the computational results can be com-
pared to experiments if the tension at tubulation can be estimated ac-
curately. As pointed out in in Section 2.7 the renormalized tension for
planar membranes can be computed by fitting their undulation spec-
trum. However, in the case of membranes with spontaneous curvature
fields, the long wavelength modes (i.e. small q) would violate equipar-
tition if the conventional scaling relation given in Eq. (2.17) is used.
Hence, we explicitly take the contributions from the spontaneous cur-
vature field into account and estimate σ using Eq. (2.21). A comparison
of the equipartition relation for the best estimate of σ determined us-
ing Eqs. (2.17) and (2.21) is shown in Fig. 2.4, for a membrane with
κ = 20 kBT , A/AP = 1.029 and nP = 12. It can be seen that the
equipartition is better satisfied when the latter relation is used.
The values of σ and κ, obtained through fitting Eq. (2.21), as a
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function of nP for various values of A/AP are shown in Fig. 5.9. It
can be seen in Fig. 5.9(b) that the presence of proteins alters the in-
plane undulatory modes of the membrane which is evidenced by an
increase in the renormalized tension with increase in protein number.
As expected, the excess area and renormalized tension are inversely
related with the membrane sustaining high tension when the excess
area reservoir is small and vice-versa. Furthermore, we also observe that
tensed membranes can be stabilized when the protein concentration is
high and vice-versa. On the other hand, our analysis shows that the
membrane softens (i.e. κ decreases) either with increase in excess area
or protein concentration, which is shown in Fig. 5.9(a).
The value of tension at tubulation (σ∗), is taken to be the value of
membrane tension where the chemical potentials satisfy the condition
µexp − µext > µex. The membrane tension at the point tubulation point
as a function of A/AP for spontaneous curvature field with C0 = 0.8 a
−1
0
is shown in Fig. 5.10 and we observe that the tension for tubulation
decreases with increasing excess area.
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5.6 〈µexp − µext 〉 dependence curvature field param-
eters
The critical density for tubulation shows a dependence on both mem-
brane tension, and the curvature field parameters C0 and ε
2. Plots of
the various chemical potentials, µex, µexp , and µ
ex
t , as a function of C0, ε
2
and A/AP are shown in Fig. 5.6. The critical number of protein fields
required to stabilize membrane regions with mean curvatures above the
cutoff value of H > 0.5 a−10 is a strong function of C0 and ε
2. It should
be noted that depending on the value of C0, the regions corresponding
to H > 0.5 a−10 can either be blebs (a spherical bud) or tubules, with the
former being predominant for C0 ≈ 0.6 a−10 and the latter being stable
for C0 ≥ 0.8 a−10 . The formation of regions with curvatures above the
cutoff is accompanied by a drop in the value of chemical potential µex
as seen in all the panels in Fig. 5.6.
The excess chemical potential µex increases with increase in nP and
peaks at nP = n
crit
P , with peak value µmax. The critical number of
protein fields required to form blebs or tubes is taken to be the value of
nP = n
crit
P at which this drop occurs. However, the values of n
crit
P can
be also determined by analyzing the behavior of the various chemical
potentials. We take ncritP to be the minimum value of nP at which
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Table 5.1: Values of µmax, µexp −µext , and ncritP as a function of C0 and A/AP for fixed
value of ε2 = 6.3 a20. Values of (-) represent parameters where no tubules were ob-
served or less than three values were obtained to in order calculate the corresponding
standard deviation.
C0 〈µexp − µext 〉nP>ncritP µ
max ncritP
A/AP (units of a
−1
0 ) (units of kBT ) (units of kBT ) (±1)
1.029
0.5 11.7 ± 3.0 9.8 ± 6.6 14
0.6 17.2 ± 4.8 16.0 ± 5.6 15
0.7 24.5 ± 3.9 19.5 ± 7.5 5
0.8 28.5 ± 3.2 41.7 ± 3.9 6
1.016
0.5 14.1 ± 3.1 26.4 ± 1.5 22
0.6 23.2 ± 3.1 33.5 ± 6.3 16
0.7 24.2 ± 4.3 34.8 ± 2.2 15
0.8 29.3 ± 3.6 72.8 ± 3.9 15
1.013
0.5 - - -
0.6 28.9 ± - 46.1 ± 6.7 24
0.7 25.0 ± 6.0 44.3 ± 2.0 18
0.8 51.4 ± 3.8 80.4 ± 1.2 22
the chemical potentials obey the relation µexp − µext > µex. Tables. 5.1
and 5.2 show the values of the various chemical potentials and critical
protein number for various systems shown in Fig. 5.6.
The Widom insertion technique gives reliable estimates for the chem-
ical potentials for a wide range of parameters characterizing the membrane-
protein system especially when the mean curvature distributions, P (H),
show a broad distribution whose range is much greater than C0/2. It
should be noted that when a protein field with spontaneous curvature
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Table 5.2: Values of µmax, µexp −µext , and ncritP as a function of ε2 and A/AP for fixed
value of C0 = 0.8 a
−1
0 . Values of (-) represent parameters where no tubules were ob-
served or less than three values were obtained in order to calculate the corresponding
standard deviation.
ε2 〈µexp − µext 〉nP>ncritP µ
max ncritP
A/AP (units of a
2
0) (units of kBT ) (units of kBT ) (±1)
1.029
2.3 9.4 ± 1.8 4.6 ± 1.8 8
4.3 23.4 ± 3.0 11.7 ± 7.1 5
6.3 30.6 ± 4.1 46.4 ± 4.1 8
8.3 33.2 ± 3.2 73.5 ± 8.2 12
1.016
2.3 12.1 ± 3.9 10.4 ± 0.8 16
4.3 28.2 ± 5.3 29.3 ± 1.0 12
6.3 42.8 ± 15.1 62.1 ± 1.9 16
8.3 48.8 ± 11.7 107.6 ± 7.4 14
1.013
2.3 13.6 ± - 15.5 ± 0.4 28
4.3 36.2 ± 4.2 36.8 ± 1.4 18
6.3 48.9 ± 8.1 79.4 ± 2.7 18
8.3 60.3 ± 13.6 134.4 ± 0.7 20
C0 is inserted on a membrane surface the dominant contributions to
µex come from membrane regions with 2H ≈ C0.
Hence, in analyzing the effects of C0 and ε
2 on the morphological
transitions, we only consider values of A/AP > 1.013, which clearly
satisfy this criterion for P (H), see Tables. 5.1 and 5.2, for our results.
99
5.7 Comparing to in vitro Liposome Experiments
We test our model predictions against the critical tubulation density
for Endophilins reported by Shi and Baumgart [5]. The computed val-
ues of the critical tension, σ∗, are plotted versus tubulation density
and shown alongside the experimental data in Fig. 5.11. In order to
make a direct comparison with experimental data, we self consistently
determine the length scale a0 by matching tubule diameters obtained
in simulations to that in experiments [4, 16, 26], which yields values of
a0 in the range 6 to 10 nm. In turn, a0 can be used to determine the
corresponding protein density in our simulations, where each protein
field is a coarse grained representation of ζ proteins, where ζ ≥ 1 can
be regarded as the oligomerization number of protein domains needed
to establish a stable curvature field. Estimated protein concentrations
match those in experiments when the oligomerization parameter ζ ≈ 10
and we observe that the computed values of σ∗, for all values of a0, are
in good quantitative agreement with those measured from experiments.
This estimate of ζ also matches extremely well with the value of the
coarse grained parameter obtained through the micellar model, previ-
ously shown in Fig. 5.8(b).
In addition to A/AP (or membrane tension σ), both curvature field
parameters C0 and ε
2 can also impact the onset of tubulation, as shown
100
in Fig. 5.6. For weakly curving protein fields C0 < 0.6, µ
ex shows
a monotonic increase for the range 0 < nP < 30, implying the ab-
sence of a tubulation transition in this regime. In contrast, when
C0 > 0.6, µ
ex displays the characteristic pitch-fork signature of tubu-
lation, with the onset occurring at lower values of nP with for both
C0 = 0.7 and 0.8. The critical tubulation density, however, remains
unaltered with change in the value of ε2, see Fig. 5.6. Complementary
to the critical tubulation density, (ncritP ), we can estimate the satura-
tion density of the proteins on the bilayer (ρmax) using the relation-
ship, ρmax ∝ exp (−µmax/kBT ) [142], where µmax is the value of the
excess chemical potential just prior to tubulation; the values of µmax
for different C0, ε
2, A/AP are provided in Tables 5.1 and 5.2. Based on
our results, we find that ρmax and ncritP both decrease with increasing
C0. Hence, proteins inducing a strong curvature field, can induce a
morphological transition at lower densities, but also experience higher
membrane-curvature mediated repulsive interactions, which limits their
coverage on the membrane.
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Figure 5.6: Plot of the excess chemical potential vs protein number for a range of
both C0 and ε
2 for several initial excess areas. Solid lines with correspond to µexp
while points with error bars correspond to µex. Panels a,c, and e depict data for
a range C0 with ε
2 = 6.3 a20 and corresponding excess areas (a) A/AP = 1.013,
(c) A/AP = 1.016, and (e) A/AP = 1.029. Panels b,d, and f depict data for a
range ε2 with C0 = 0.8 a
−1
0 and corresponding excess areas (b) A/AP = 1.013, (d)
A/AP = 1.016, and (f) A/AP = 1.029. The values of µ
ex
t are similar to that of µ
ex
and hence are not shown for clarity.
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Figure 5.7: Plot of several different tube statistics including a) the average number of
tubes at each concentration for several excess areas (ntubes), b) the average number
of vertices per tubule (nvpt), c) the average number of monomers (n1) and oligomers
(npptnN) in simulation where monomers represent all proteins on the basal part of the
membrane (closed symbols), and the n-mers represent all proteins in tubules (open
symbols), and d) the average number of proteins per tubule (nppt). The legends in
the panels correspond to four different values of A/AP .
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Figure 5.8: (a) The various excess chemical potentials as a function of nP , for
A/AP=1.016, C0 = 0.8 a
−1
0 , and ε
2 = 6.3 a20. The filled symbols with error bars
denote µex, open symbols with dotted lines represent µext , and solid lines correspond
to µexp . (b) Total number of protein fields in the planar (n1) and tubular (npptnN)
regions as a function of nP . nppt corresponds to the average number of protein fields
per tubule. The solid and dashed black lines are the analytical fits to the micelle
model described in Eq. (5.5) with ζ = 10.
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Figure 5.9: Plot of the values of (a) κ and (b) σ obtained by nonlinear fitting of the
complex spectrum, Eq. (2.21), with tubules removed. A bin size of 0.02 in q and a
maximum q of 1 were used for these fits.
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Chapter 6
Endocytosis and Cell Protrusions
Adapted from: R. W. Tourdot, R. P. Bradley, N. Ramakrishnan, and R.
Radhakrishnan, Multiscale computational models in physical systems
biology of intracellular trafficking, IET Systems Biology 8, 198 (2014).
As mentioned in the introduction, recent research has investigated
how the inhomogeneities of polarized cells and differences in a cells
extracellular environment alter membrane curvature generation in pro-
cesses such as endocytosis, protrusion formation, and cell migration
[52, 57, 58]. These studies point to membrane tension itself playing a
role in signal transduction of a cells extracellular environment due to
its differential recruitment of proteins which generate membrane cur-
vature. In this chapter the free energy landscape of endocytosis will be
investigated with a focus on the role of membrane tension in stabilizing
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vesicles. Differential protein recruitment of curvature inducing proteins
on membrane protrusions will also be investigated in this chapter with
applications to ongoing cellular experiments which compare protrusions
dynamics of cells grown in 3D hydrogels and 2D substrates.
6.1 Modeling a Clathrin Coat
In this chapter, instead of modeling monomeric or oligomeric protein
fields which induce curvature, a radial step function of spontaneous
curvature is applied which approximates a large assembly of curvature
inducing proteins. This region of the membrane is called the ”coat”
and it is defined by an equally distributed spontaneous curvature of Cc0
within its radial extent, r0, as described in Section 2.6. The coat is held
together by an Ising-like potential with a coupling strength J = 3 that
generates an effective line tension at the edge of the coat. It should be
noted that the coat can break apart if it is entropically favorable since
the membrane is equilibrated with a coat diffusion Monte Carlo move
and a finite coupling strength.
In order to map out the free energy landscape of CME the planar
membrane is initialized with a circular coat with radius 4.5 a0 (cor-
responding to nc = 30). Setting a0 = 10 nm, this corresponds to a
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Clathrin coat with radius 45 nm, which agrees well with electron micro-
graphs of budding Clathrin vesicles [119]. Using the Thermodynamic
Integration method as described in Section 3.3, the parameter λ was
coupled to the spontaneous curvature of the coat Hc0 and a series of
simulations were performed between state A, with Hc0 = 0, and a state
B, with Hc0 = C
c
0. ∆F can then be calculated by integrating HB −HA
as in Eq. (3.8).
6.2 Free Energy of Vesiculation
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Figure 6.1: Free energy of bud formation. (a) Simulation snapshots of coat morphol-
ogy colored by H0,v (b) Plot of free energy vs coat strength. (c) Plot of excess are vs
coat strength. Data and snapshots correspond to simulations with κ = 10 kBT , and
r0 = 4.5 a0.
110
The free energy landscape of vesicle budding as a function of the
strength of the coat’s spontaneous curvature Cc0 is shown in Fig. 6.1(b)
for a bending rigidity of κ = 10 kBT . Corresponding snapshots of
vesicle morphology are shown in Fig. 6.1(a). In this study the strength
of the spontaneous curvature field is varied from Cc0 = 0 to C
c
0 = 1 a
−1
0 ,
which corresponds to mean curvatures ranging from zero up to Hc0 =
0.1 nm−1. For a clathrin coat radius of r0 = 4.5 a0, the critical strength
of spontaneous curvature which sustains a bud is Cc0 = 0.6 a
−1
0 For
values of Cc0 > 0.7 a0 , it is observed that a fully mature bud with
a stabilized neck is more stable than the planar membrane (∆F <
0), while for Cc0 > 0.6 a
−1
0 a neck does not form; C
c
0 = 0.6 a
−1
0 also
corresponds to the maximum in the free energy change (barrier height)
for vesicle budding. Calculations also indicate that as C0 increases the
membrane excess area (A/AP ) also increases until the neck is formed,
and beyond which this increase in excess area plateaus as shown in
Fig. 6.1(c). As more curvature energy is applied to the membrane,
more membrane excess area is pulled from the nascent bud until the
vesicle can constrict to form a neck. The formation of a vesicle neck
allows the membrane to better match the coat’s spontaneous curvature
energy while retaining roughly the same area.
The dependence of coat radius on the morphology and free energy
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Figure 6.2: Budding morphologies for two coat radii over range of Cc0. Snapshots are
colored by H0,v and correspond to simulations with κ = 20 kBT and an initial excess
area of A/AP = 1.029.
of vesiculation is shown in Fig. 6.2 and Fig. 6.3 respectively. For a
smaller coat radius of r0 = 3.25 a0, the free energy landscape (especially
the barrier) is lowered slightly, but the emergent morphology does not
show a clear mature bud (snapshots not shown); instead, the emergent
structures even under large Cc0 resemble cisternae. For a larger coat
radius of r0 = 6.5 a0, the coat forms a beads on a string morphology
before breaking up into smaller coats to produce multiple buds and
tubules at high Cc0. The free energy landscape corresponding to a coat
radius of r0 = 6.5 a0 details high values of the free energy to achieve
such morphologies. Thus, there exists a lower critical coat radius below
which the morphology does not resemble a mature bud even at high
C0; similarly, there exists an upper critical coat-radius above which
multiple buds nucleate at a very high free energy cost. The optimal
coat radius that is bound by these two critical coat radii is r0 = 4.5 a0.
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Figure 6.3: Influence of coat size on vesicle budding. Data shown are labeled by
r0 and correspond to simulations with κ = 10 kBT and an initial excess area of
A/AP = 1.029
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Figure 6.4: Free energy of vesicle formation and its dependence on bending rigidity.
Data shown corresponds to membranes with r0 = 4.5 a0 and an initial excess area of
A/AP = 1.029.
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Results which compare vesiculation free energies at the bending
rigidities of κ = 10 kBT and κ = 20 kBT for an optimal coat radius
of r0 = 4.5 a0 are shown in Fig. 6.4. It can be seen for κ = 20 kBT
that the free energy barrier of membrane deformation decreases to al-
most being nonexistent. Thus since ∆F < 0 for Cc0 > 0 it is favorable
for membranes with bending rigidity of ∼ 20 kBT to vesiculate. For a
membrane with infinite bending rigidity, the vesiculation process would
would assuredly be unfavorable, thus the cell membrane may prefer cer-
tain local membrane bending rigidity for endocytosis to proceed.
6.3 Tension and Vesiculation
To investigate the effect of membrane tension on the free energy land-
scape for endocytosis, simulations of varying the excess area (A/AP )
were conducted. Different A/AP values alter membrane undulations
and correspond to different values of renormalized tension, as shown in
Fig. 2.3. Equilibrated membrane morphologies for three different A/AP
values of 1.01, 1.03 and 1.1, which correspond to renormalized tensions
of 1.5 kBT/a
2
0, −0.4 kBT/a20, and −0.6 kBT/a20 respectively, are shown
in Fig. 6.7, for a membrane with κ = 20 kBT . It can be seen in Fig. 6.7
that for large positive tensions the membrane does not bud even for the
highest curvature strength examined (at which point it breaks apart),
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while for large negative tension, the invaginated membrane does not
show a constricted neck, suggesting that formation of a mature vesicle
with a constricted neck is only possible for zero to intermediate tension
states.
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Figure 6.5: Budding morphologies for a range of A/AP and C
c
0. Snapshots are
colored by H0,v and correspond to simulations with κ = 20 kBT and r0 = 4.5 a0.
The effect of membrane excess area (or tension) on the free energy
landscape of vesiculation, and on the emergent membrane/vesicle mor-
phology is depicted in Fig. 6.6. Vesiculation is only energetically fa-
vorable in membranes under intermediate negative to zero tensions,
detailed in Fig. 6.6(a). For large positive tensions, the free energy at
large curvature strength is considerably higher than that at low curva-
ture strength, a trend that is opposite of the other two tension states
examined. Fig. 6.6(b) shows the average vesicle neck radius as a func-
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Figure 6.6: Free Energy dependence on tension. (a) Change in free energy vs excess
area. (b) Bar plot of average vesicle neck radius for corresponding excess areas.
tion of Cc0 for the excess areas examined. It can be seen that the middle
value of A/AP forms vesicles with constricted neck, while the highest
A/AP has trouble constricting the neck.
6.4 Free Energy of Membrane Deformation vs Free
Energy of Protein Association
The change in free energy presented in previous sections (∆F ) is the
change in free energy for the deformation of an unstressed membrane to
a membrane with the corresponding Hc0 field. this free energy assumes
that the proteins are already bound to the membrane, and when it is
negative, this means that it is favorable for the proteins to deform the
membrane to the final state. Another free energy which is informative
is the free energy for protein association on various morphologies, ∆F0.
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This free energy is computed by changing the reference state to exclude
H0 as described in Section 3.6. This free energy reports protein binding
free energies on the various morphologies if no spontaneous curvature
is present. ∆F0 for a range of coat radii and two bending rigidities is
shown in Fig. 6.7. The scale of the free energy, indicates that the large
strain in free energy as the coat nucleates needs to be offset by attractive
energies of the binding of orchestrating proteins to the membrane. In
Fig. 6.7, for the coat size of r0 = 4.5 a0, at the value of C
c
0 = 0.7 a
−1
0 ,
the free energy of membrane deformation is > 200 kBT for κ = 10 kBT
and almost 400 kBT for κ = 20 kBT . This large free energy has to be
overcome by the attractive energy between the coat and the membrane.
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0 for several coat sizes and two bending rigidities. Legend
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6.5 Modeling Protrusions
In order to investigate driving force for protein recruitment on mem-
brane protrusions, the model for the clathrin coat described previously
was used to generate protrusive morphologies; after which Inhomoge-
neous Widom insertion calculations of protein spontaneous curvature
fields were conducted on the morphology. A snapshot of a protrusion
generated through this method is shown in Fig. 6.8. The protrusion
system is divided into three regions identified in Fig. 6.8(a) based on
its inhomogeneity, the basal region, the annulus region, and the pro-
trusion region. The protrusion region contains the coat spontaneous
curvature, Hc0, which generates the morphology. The annulus region is
defined as an approximately three ring neighborhood surrounding the
protrusion region which is included in order to isolate the protrusion
and basal regions. Interestingly, the annulus region also contains most
of the negative Gaussian curvature of the protrusion. The basal region
of the membrane constitutes all vertices not contained within the annu-
lus or protrusion regions. These regions are then used in implementing
Inhomogeneous Widom insertion, as described in Section 3.2, to com-
pute the spatially varying excess chemical potential of the protrusion
system. These three chemical potentials are designated as µexprot, µ
ex
ann,
and µexbasal accordingly. It should be noted that the calculations of the
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excess chemical potential on protrusions in the following sections are
done at infinite dilution (nP = 0) and exclude the coat spontaneous
curvature, Hc0, from the computation of ∆H. This is done to prevent
the spontaneous curvature ceiling of 2C0 from influencing our results.
3 Regions z height map
annulus
protrusion
basal
(a) (b)
Figure 6.8: Snapshot of equilibrated membrane with protrusion colored by (a) three
regions and (b) height in z (high z - red, low z - blue).
6.6 Protein Recruitment on Protrusions
Fig. 6.9 details several protrusion morphologies found for κ = 20 kBT ,
Cc0 = 0.4 a
−1
0 , and a range of excess areas. It can be seen that as ex-
pected protrusion are larger for lower tensions. It is also apparent that
Cc0 = 0.4 a
−1
0 is not a strong enough coat strength to form a budding
vesicle with a constricted neck, as seen in Fig. 6.1 for κ = 10 kBT .
Morphologies of protrusions generated with Cc0 = 0.4 a
−1
0 are shown in
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Fig. 6.10. As expected, budding vesicles only form here for intermediate
A/AP . From examination of these morphologies it would be expected
that inhomogeneous excess chemical potential calculations computed
for the system in Fig. 6.9(a) should show little difference between the
protrusion region and the basal region, while calculation done for the
system in Fig. 6.9(d) should show a large difference in excess chemi-
cal potential with protein recruitment being more favorable within the
protrusion.
(a)
(c)
(b)
(d)
Figure 6.9: Representative morphologies for a membrane with an excess area A/AP =
1.02 (a), 1.03 (b), 1.06 (c), 1.21 (d). Membrane colored according to three regions:
protrusion (red), annulus (red), and basal (grey). Simulations shown have the pa-
rameters r0 = 4.5 a0, C
c
0 = 0.4 a
−1
0 , and κ = 20 kBT .
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Figure 6.10: Representative morphologies for a membrane with an excess area
A/AP = 1.02 (a), 1.03 (b), 1.06 (c), 1.21 (d). Membrane colored according to three
regions: protrusion (red), annulus (red), and basal (grey). Simulations shown have
the parameters r0 = 4.5 a0, C
c
0 = 0.6 a
−1
0 , and κ = 20 kBT .
Inhomogeneous Widom insertion results for the systems depicted in
Fig. 6.9 are shown in Fig. 6.11 for insertion of proteins with positive
C0 = 0.4 a
−1
0 and negative C0 = −0.4 a−10 proteins. Results in Fig. 6.11
show as expected that the greatest driving force for protein localization
or protein binding occurs at high excess areas (low tensions). It is also
seen that positive curvature inducing proteins have a large negative
excess chemical potential for recruitment into the protrusion region,
while negative curvature inducing proteins have greater favorability of
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Figure 6.11: Inhomogeneous Widom insertion calculations of protrusion systems
with Cc0 = 0.4 a
−1
0 , corresponding to morphologies shown in Fig. 6.9. Data shown for
isotropic protein insertion with ε2 = 6.3 a20, (a) C0 = 0.4 a
−1
0 or (b) C0 = −0.4 a−10
respectively.
binding to the basal or annulus portions of the protrusion. In the
case of negative curvature inducing proteins, it is actually slightly more
favorable for recruitment to the annulus than the basal region at high
tensions.
It is useful to be reminded at this point of which proteins are positive
or negative curvature inducers, see Fig. 1.2. in vivo outward pointing
plasma membrane extensions are often referred to as protrusions. In
this case the ”positive” curvature inducing proteins for which results are
shown in Fig. 6.11(a) actually refer to proteins with IBAR or Exo70
domains, while ”negative” curvature inducing proteins correspond to
ENTH and BAR domains, results for which are shown in Fig. 6.11(b).
Based on these results we would expect proteins like IBAR and Exo70 to
122
be enriched in protrusions with a stronger driving force for localization
to protrusions at low membrane tensions.
6.7 Stability of Protrusions in 2D and 3D Cells
Recent experiments which grow cells in 3D hydrogels find altered pro-
trusion dynamics in the plasma membrane of 3D cells when compared to
cells grown in a dish (2D cells). Experimental results from the Weaver
lab are shown in Fig. 6.12. It can be seen in Fig. 6.12(a) that 2D cells
have a high density of small protrusions, while 3D cells have a lower
density of large protrusions. Cells in 3D also exhibit greater apoptotic
resistance, as can be seen in Fig. 6.12(c). While membrane tension is
hard to measure in these cellular systems, it is thought that 2D cells
have plasma membrane tension of ∼ 50µN/m, while 3D cells have a
tension closer to 0µN/m. Data from Section 6.3 which computes the
change in free energy for the formation of a endocytic bud and its de-
pendence on tension can be recast in this context to investigate the
stability of cell protrusions. Protrusion morphologies seen in Fig. 6.9
correspond to coat spontaneous curvatures of Cc0 = 0.4 a
−1
0 . Data from
Fig. 6.6(a) for Cc0 = 0.4 a
−1
0 can be extracted and grouped into two ten-
sion regimes, one with typical tensions found in 2D cells and another
with small to zero tension thought to be typical of 3D cells. Membranes
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with excess areas of 1.02 and 1.03 are classified as 2D cell-like, while
membranes with excess areas 1.06 and 1.21 are classified as 3D cell-like.
From the definition of free energy, the probability of forming protru-
sions is related to the change in free energy as P ≈ C exp (−β∆F ),
where the constant C is unknown. For this reason average values of
−∆F + logC and −∆F0 + logC are plotted in Fig. 6.13 for 2D and 3D
cells. (−∆F +logC) is a relative measure of the stability of the protru-
sion and hence the residence time of a protrusion, while (−∆F0 +logC)
is a measure of the ease of creating a protrusion and ultimately related
to the density of protrusions present. Model results shown in Fig. 6.13
predict that there will be more protrusions with lower residence times
in 2D cells while 3D cells will have less protrusions which are more
stabile; which corroborates experimental results.
6.8 Protein Recruitment in 3D Cells
Ongoing experiments in the Weaver lab are focused on knocking down
proteins with negative curvature inducing ability. As predicted from
our model in Section 6.6, these proteins should be present in higher
concentration at sites of protrusions in 3D cells. Figure 6.14(a) details
the spatial recruitment of Exo70 in both 2D and 3D cells. It can be
seen that in 2D cells Exo70 is present in the cytosol, while in 3D cells
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Figure 6.12: Experimental results quantifying protrusions (data from the Weaver lab
- to be published). (a) Cells cultured in 2D have a higher density of short protrusions
while 3D cells have larger protrusions with lower density. (b) Microscopic pictures of
3D and 3D cells, inset details protrusions. (c) Cell survival comparison between 2D
and 3D.
Exo70 is localized to plasma membrane at sites of protrusions. As
mentioned in Section 1.5, the Rac signaling pathway is regulated by
GTPases, some of which contain the Exo70 curvature inducing domain.
The Rac signaling pathway is known to be a key cell survival pathway.
Experimental results which characterize cell survival after knockdown
of Exo70 in both 3D and 2D cells are shown in Fig. 6.14(b). It can be
seen that 3D cells show a marked increase in cell death when Exo70 is
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Figure 6.13: Plot of average free energy of simulations with high tension (grouped
as 2D) and low tension (grouped as 3D). Data corresponds to a coat spontaneous
curvature of Cc0 = 0.4 a
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Figure 6.14: Experimental results analyzing Exo70 recruitment in 2D and 3D (data
from the Weaver lab - to be published). (a) Confocal micrographs of Fluorescently
tagged Exo70 and Actin in 2D and 3D cells. (b) Cell survival statistics from Exo70
knockdown experiments. shExo70 is a short hairpin RNA which is used to knockdown
Exo70.
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Chapter 7
Summary and Future Work
The research presented in this thesis involved the development of a
mesoscale membrane model with which to investigate the role of curva-
ture inducing proteins in generating and stabilizing membrane tubules,
blebs, buds, and vesicles. This membrane model was coupled to com-
putational statistical mechanics methods in order to ascertain the free
energy landscape of several membrane protein mediated processes for
direct comparison with experiments. The role of membrane fluctua-
tions in driving protein curvature induction was analyzed in Chapter 4.
Results quantified a transition between curvature sensing and curva-
ture inducing behavior which corresponded to an increase the proteins
excess chemical potential µexP . The cooperative effects of curvature in-
ducing proteins in the process of membrane tubulation was investigated
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in Chapter 5. Results corroborated experiments which categorized the
tension dependence on the critical protein density for tubulation and
discovered similarities between protein induced membrane tubulation
and the thermodynamics of micelle formation. The thermodynamics of
endocytosis and protein recruitment on protrusions was investigated in
Chapter 6. Simulations quantified a tension dependence on the forma-
tion of the vesicle in endocytosis and found that less tense membranes
could not effectively constrict the vesicle neck. Results analyzing the
excess chemical potential of proteins on protrusions found that their
recruitment was highly dependent on membrane tension. These results
corroborated experiments which quantified cell survival in cells grown
in 3D hydrogels.
7.1 Future Work: Protein Curvature Sensing
Experiments in the Baumgart lab have investigated the curvature sens-
ing behavior of membrane proteins on lipid bilayers which are laid atop
manufactured wavy substrates [143]. These experiments are able to
quantify curvature sensing behavior over a mean curvature range an
order of magnitude smaller than previous experiments measuring pro-
tein segregation on liposome tethers. Simulations which mirror wavy
substrate experiments are being developed to probe this systems inho-
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mogeneous chemical potential. In these simulations the membrane is
initialized as a sine wave with a prescribed amplitude and wavelength;
the membrane is randomly pinned to this sine wave in order simulate
the adhesion to the wavy substrate in experiment. Snapshots of wavy
simulation initial conditions are shown in Fig. 7.1. Utilizing inhomo-
geneous Widom insertion along the x-axis, the density scaling of the
system can be determined according to Eq. (3.7). It is believed that
a comparison of results from simulations and experiments will allow
more precise determination of the factors driving membrane protein
curvature sensing.
H
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  x x
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Hpeak
 
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 
0.1 0.025
  (a0) Hpeak
 
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 
20, 0.1 40, 0.025,
-0.04
0.04
0
0.08
-0.08
Figure 7.1: Two model wavy substrate systems which are modeled with a periodic
sine function with an amplitude A = 2 a0. Systems have a wavelength of 20 a0 and
40 a0 accordingly. The snapshots shown are colored by their mean curvature H.
7.2 Future Work: Membrane Tubulation
The trends for ncritP and ρ
max versus C0 as gleaned from our computed
excess chemical potential landscape shown in Table 5.1 are currently
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being tested in experiments tracking membrane tubulation in three dif-
ferent protein systems (SNX9, Amphiphysin, Endophillin). Our results
indicate that proteins with larger C0 will tubulate at lower concentra-
tions, but will also have lower maximum coverage on the membrane.
The predictive ability of our model/simulations in defining the mech-
anisms of subtle yet important morphological transitions in soft bio-
logical systems shows the utility of this mesoscale thermodynamic ap-
proach.
As can be seen in Fig. 5.2, a variety of morphologies other than
tubules can be generated through the cooperative interaction of curva-
ture inducing proteins. Our model is unique in its ability to connect
the free energy landscape of morphological transitions to membrane
structures. In future work this model could be used to investigate the
process of membrane blebbing, or the formation of complex biological
shapes such as the Golgi apparatus.
7.3 Future Work: Physical Systems Biology
Many systems biology models often consider cell or its organelles as a
cube with a prescribed volume. Work presented in this thesis points to
both membrane curvature and tension playing a role in the spatial re-
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cruitment of membrane proteins. Further research coupling this model
to signaling models could inform how curvature mediated protein re-
cruitment affects downstream signaling cascades and could elucidate
possible feedback mechanisms. This combined model which includes
both biological network signaling and membrane mechanics would en-
able the prediction of cell phenotypes and better define the role of
these proteins in vivo. This physical systems biology model could also
directly inform intracellular trafficking, due to the rate of endocyto-
sis depending strongly on membrane tension. Receptor internalization
through endocytosis is an important pathway in cell signaling and its
attenuation has been connected to oncogenic phenotypes [49].
7.4 Future Work: Actin and Membranes
Actin polymerization and cytoskeleton rearrangement near the plasma
membrane is crucial for many cellular processes including cell motility.
Actin and Microtubule models from the Andrea Liu lab are currently
being incorporated with the membrane model outlined in this thesis. It
is known from Actin models in the literature that Actin polymerization
can produce a maximum force called the stall force. Determination of
the interplay between actin filaments pushing on the membrane and
the corresponding effect on the stall force could inform filopodia for-
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mation in cells. The ease to which actin can remodel the membrane
and modulate its tension is poorly understood and is of great interest
in Actin-mediated endocytosis.
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Appendix A
Link Length Constraints and Self
Avoidance
The Dynamic Triangulation Monte Carlo (DTMC) model constrains
the link lengths between neighboring vertices to obey a0 ≤ l ≤
√
3a0
and constrains the distance between all vertices (including non neigh-
boring vertices) of the membrane to be above a0. These cutoffs are
designed to allow the area of each vertex to fluctuate while keeping the
membrane from interpenetrating itself. The lower cutoff essentially de-
fines a hard spherical potential on each vertex extending out to a radial
distance of r = a0/2. This means no two vertices can come within a
distance a0 of eachother. A maximum link length is required since in
extreme cases when the membrane folds over on itself sections of the
membrane could pass through other sections, which is an unphysical
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description of a lipid bilayer. In order to find this upper cutoff, a, con-
sider a equilateral triangle with all sides of length a as shown in fig A.1.
If the length b is the lower hard sphere cutoff, the maximum a can be
while still preventing interpenetration is
√
3b.
a
b
a
av1
v2
v3
v4
Figure A.1: Diagram of equilateral triangle formed by maximum link length
a =
√
3a0. Each corner in the triangle represents a vertex in the DTMC model
(v1, v2, v3). Each vertex has a hard sphere potential at a radius a0/2. Center vertex,
v4, corresponds to a seperate part of the membrane folding over into the plane formed
by v1,v2, and v3.
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